Universita degli Studi di Trieste 
Dottorato di Ricerca in Fisica - XV Ciclo 
Anno Accademico 2001/2002 



Topics 
in 

Koopman-von Neumann 
Theory 



Ph.D. Thesis 



Dottorando: Danilo Mauro 
Relatore: prof. Ennio Gozzi, Universita di Trieste 
Coordinatore: prof. M. Francesca Matteucci, Universita di Trieste 



Contents 



Introduction 1 

PART I : 

Koopman-von Neumann Theory without Forms 6 

1 Koopman-von Neumann Waves 6 

1.1 Operatorial Approach to Classical Mechanics 6 

1.2 Spreading and Phases of KvN Waves 12 

1.3 Abstract Hilbert Space and the (q, X p ) Representation 18 

1.4 Superselection Rules and Observables 22 

1.5 Two-Slit Experiment 26 

1.6 Measurements in Quantum and Classical Mechanics 34 

1.6.1 Effect of non Selective Measurements in QM 34 

1.6.2 Non Selective Measurements of x in QM 36 

1.6.3 Non Selective Measurements of (p in CM 39 

2 Coupling with a Gauge Field 44 

2.1 Minimal Coupling Rules for the Liouvillian L 44 

2.2 Gauge Invariance in KvN Approach 47 

2.3 Landau Problem 52 

2.4 Aharonov-Bohm Effect 57 

PART II : 

Koopman-von Neumann Theory with Forms 67 

3 Geometrical Aspects of the Classical Path Integral 67 

3.1 Classical Path Integral and Cartan Calculus 68 

3.2 Generalizations of the Lie Brackets 70 

3.2.1 Schouten-Nijenhuis (SN) Brackets 70 

3.2.2 Frolicher-Nijenhuis (FN) Brackets 71 



ii Contents 



3.2.3 Nijenhuis-Richardson (NR) Brackets 74 

3.3 Grassmann Variables and Matrices in n = 1 Symplectic Manifolds .... 75 

3.4 Cartan Calculus in n = 1 Symplectic Manifolds 82 

3.5 Grassmann Algebras and Pauli Matrices 85 

3.6 Cartan Calculus and Pauli Matrices 88 

3.7 Irreducible Representations of the Algebra of the Symmetry Charges ... 91 
3.A Proof of (3.5.2) 95 

4 Hilbert Space Structure with Forms: I 97 

4.1 The Salomonson-van Holten Scalar Product 97 

4.2 The Gauge Scalar Product 109 

4.3 The Symplectic Scalar Product 116 

4.4 "Physical" Hilbert Space 121 

4.4.1 Salomonson-van Holten Case 122 

4.4.2 Symplectic Case 125 

4.4.3 Connection between the Symplectic and the Gauge Case 130 

4.5 Generalized Scalar Products 131 

4.6 Grassmann Variables and Jacobi Fields 136 

5 Hilbert Space Structure with Forms: II 143 

5.1 Bosonic Functional Approach (BFA) 143 

5.2 Operatorial Formalism of the BFA 145 

5.3 Geometrical Analysis and Symmetries in the BFA 147 

5.4 Higher Forms in the BFA 153 

5.5 Metaplectic Representation 156 

5.6 Metaplectic Hamiltonian and Scalar Product 160 

6 Conclusions and Outlook 167 
Bibliography 171 



Introduction 



It is well-known that classical mechanics (CM) and quantum mechanics (QM) are for- 
mulated using completely different mathematical tools. The first one (CM) uses the 
phase space and the Poisson brackets while the second one (QM) uses the Hilbert space 
on which suitable states and operators are defined. In the literature a lot of attempts 
have been made in order to overcome these differences and to get a better understanding 
of the interplay between CM and QM. These attempts can be divided in two sectors. 
One is the reformulation of quantum mechanics in a "classical" language by replacing 
wave functions with suitable distributions in phase space (Wigner functions [1]) and by 
replacing the commutators of the theory with some suitable brackets (Moyal brackets 
[2]) which are a deformation of the Poisson brackets. Another, even older, direction is to 
reformulate CM in an operatorial language by using a Hilbert space of square integrable 
functions on the phase space and by replacing the Poisson brackets with some suitable 
classical commutators. This is what has been done in the 30's by Koopman and von 
Neumann (KvN) [3] [4]. More recently a functional (or path integral) approach to the 
KvN method has been proposed in [5]. 

In this thesis we have analysed, clarified and explained some aspects of the operatorial 
KvN approach to CM and of its path integral counterpart. The starting point of KvN 
is the introduction of a Hilbert space of square integrable and complex functions ip(q,p) 
whose modulus square are just the usual probability densities in phase space p(q,p) = 
ItpiQiP)^- A topic which was not analysed by KvN is the fact that the introduction 
of these Hilbert space elements requires an enlargement of the set of observables of the 
theory. If we stick to the accepted wisdom that in CM the observables are only the 
functions of (p = (q,p) then a superselection mechanism is triggered and this limits the 
Hilbert space to be made of just the Dirac deltas centered on a single point of phase space. 
In order to have ip(<p), which are linear superpositions of the Dirac deltas mentioned 
above with complex coefficients, we have to prevent the superselection mechanism to 

set in and we do that by enlarging the space of observables to functions not only of ip 
d 

but also of — — . In this way we can build a Hilbert space made up of square integrable 
op 

functions with phases. 

In QM the phases of the wave functions are crucial to explain phenomena like, for 
example, the interference effects in two slit-experiments. So one can ask which is the 
role of the phases in the KvN approach to CM. In this respect a crucial difference between 
CM and QM is given by the form of the operator of evolution. In fact KvN postulated 
that the evolution of the ip(tp) must be given by the Liouvillian which, containing only 
first order derivatives, evolves also the probability densities p(p), differently than what 
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happens in QM. The presence of only first order derivatives in the Liouvillian has a lot of 

peculiar consequences for what concerns the role of phases in KvN theory. For example, 

differently from what happens in QM, the equations of evolution for the phase and the 

modulus of the ip are completely decoupled: the phase do not enter the equations of 

the modulus and vice versa. One could then think that phases are completely useless 

in CM and that it is sufficient to consider real instead of complex wave functions in 

order to describe all the physics. This is true only if we limit ourselves to consider the 

particular representation in which both the positions and the momenta of the theory 

are given by multiplicative operators. If we want to remain free to consider also other 

kinds of representations it is possible to prove that we have to consider complex wave 

functions. In principle the classical phases of KvN functions could be measured by using 

d 

observables depending both on (p and on — — which generalize the usual ones of CM 

dip 

which depend only on (p. From these last ones it is impossible to extract information on 
phases, as we have proved in detail both by using the superselection principle mentioned 
above and by implementing a classical analog of the double-slit experiment via the KvN 
formalism. These classical phases could appear in a regime at the interface between CM 
and QM. For further details on this part see paper [6]. 

Phases in QM appear also in other settings like for example the Aharonov-Bohm 
experiment. In QM it is possible to show [7] that the effect of these phases (or better 
of the magnetic field) is felt by the spectrum of the system even if the magnetic field 
is confined to regions inaccessible to the particle. In CM this cannot happen because 
the motion of a charged particle is determined uniquely by the Lorentz force and this 
is identically zero if the magnetic field is zero. So a Aharonov-Bohm-like effect must be 
absent also in the KvN operatorial approach for CM. Before checking this we had to 
understand which are the analog in KvN theory of the minimal coupling rules of QM. 
Having established all this, it was then quite easy to show that magnetic fields a la 
Aharonov-Bohm cannot change the spectrum of the Liouville operator, differently than 
what happens in QM. All this analysis, which had never been performed before in the 
literature, made us understand and clarify concepts like the gauge invariance in the KvN 
formalism. For further details on this part see paper [8]. This concludes the first part of 
the thesis which is entirely devoted to the study of the original KvN approach for CM. 

In the second part we have analysed the path integral counterpart [5] of the KvN 
approach that we have indicated with the acronym CPI (for Classical Path Integral). 
The CPI is not only the functional counterpart of the operatorial formulation of CM but 
it provides also an interesting generalization. In fact the CPI gives the kernel of evolu- 
tion not only for the KvN states ip(q,p) but also for more general objects ip(q,p,c q ,c p ) 
depending not only on g,p but also on some Grassmann variables c q ,c p . These variables 
make their appearance in the theory in a very natural way and, from a geometrical point 
of view, they can be interpreted as a basis for the differential forms associated to the 
phase space manifold [9]. To study the geometrical and the physical role of these forms 
is the main aim of the second part of the thesis. Consequently we have called this part 
"Koopman-von Neumann Theory with Forms" and the first part, where such differential 
structures are not present, "Koopman-von Neumann Theory without Forms". 

The identification of the Grassmann variables with a basis for differential forms brings 
into the CPI a lot of beautiful geometry. For example all the tensors manipulations 
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on symplectic manifolds (the so-called Cartan calculus) can be reformulated in terms 
of the Grassmann variables and structures present in the CPI: it is possible to repro- 
duce exterior derivatives, interior contractions, Lie derivatives, Lie brackets and all their 
generalizations, like the Schouten-Nijenhuis, the Frolicher-Nijenhuis and the Nijenhuis- 
Richardson brackets using the structures present in the CPI. Further details can be found 
in the paper [10]. 

We are aware that some readers might be not familiar with Grassmann variables, but 
one can easily prove that every Grassmann algebra can be realized via tensor products of 
Pauli matrices and that the functions ip(q,p,c q ,c p ) can be replaced by ordinary vectors 
in suitable tensor products of KvN spaces. As a consequence, while in the original CPI 
all the Cartan calculus was performed via Grassmann variables, now, by replacing these 
variables with matrices, we have all the Cartan calculus reproduced via tensor products 
of Pauli matrices. For further details on this part see paper [11]. 

Even if the CPI is richer than the original KvN theory from a geometrical point of 
view, the introduction of the Grassmann variables creates some problems. In fact at 
the level of KvN theory without forms it was easy to construct a scalar product on the 
Hilbert space of the il>(tp). According to this scalar product all the norms of the states 
were positive definite and the Liouvillian was a Hermitian operator. Consequently the 
evolution turned out to be unitary and all the probabilistic interpretation of the function 
ip{y>) turned out to be consistent. In fact the norm of vp{(f) was the total probability of 
finding a particle in a point of the phase space and this had to be a conserved quantity. 
Things become more difficult when we introduce the auxiliary Grassmann variables. In 
this case one can construct a lot of different inner products but all of them satisfy the 
following no-go theorem. For all the scalar products which are positive definite the 
operator of evolution H is not Hermitian while in all the scalar products for which H 
is Hermitian there are states with negative norms. This no-go theorem is due to the 
Grassmannian character of the auxiliary variables but it is also a peculiar feature of CM. 
It was not true for example in the supersymmetric quantum mechanical models developed 
in [12] [13] where there was no problem in having both the unitary of the evolution and 
the positivity of the norm of the states, even if there were states containing Grassmann 
variables. From a physical point of view the non hermiticity of the operator of evolution 
in CM is somehow due to the fact that the norm of the Grassmannian wave functions 
can be associated with the length of the Jacobi fields. Now the length of a Jacobi field 
can change during the time evolution (for example it diverges exponentially in the case 
of chaotic systems). Therefore the evolution of the Jacobi fields, which is given by the 
operator 7i, cannot be in general unitary and this seems not to be a problem for CM. 

Anyhow, if the reader is uncomfortable with a non unitary evolution or negative norm 
states, we have considered two other different functional formulations of CM: in the first 
one the auxiliary variables of the CPI are all bosonic and they belong to the vector 
representation of the symplectic group; in the second one we have an infinite number 
of Grassmann variables belonging to the spinor representation of the metaplectic group, 
which is the covering group of the symplectic one. In both cases it is possible to endow 
the associated Hilbert space with a positive definite scalar product and to describe the 
dynamics via a Hermitian Hamiltonian. The price we have to pay for this is twofold: on 
one hand the geometrical richness of the original CPI can be obtained only by introducing 
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in the theory some further structures from outside, like a complicated tensor product 
structure, on the other hand a real physical understanding of these approaches is lacking. 
For further details on this part see the papers [14] and [15]. 
This thesis is organized as follows. 

In Chapter 1 we will briefly review the main features of KvN theory without forms, 
underlying the differences and the similarities with ordinary QM. Then we try to under- 
stand the role of phases in this approach and in the different representations one can use 
to describe the theory. We will show that there is at least one representation in which 
phases and moduli do not interact with each other and we will prove how interference 
effects are killed by the particular form of the classical evolution. 

In Chapter 2 we will construct the "minimal coupling" rules, i.e. the rules to go 
from the description of a free particle to the description of a particle in interaction with 
an electromagnetic field. We will study in detail how to implement the Abelian gauge 
invariance and we use the results to analyse two particular applications of the formalism: 
the Landau problem and the Aharonov-Bohm effect. 

From Chapter 3 we begin to take into account the forms. After a brief review of the 
many geometrical structures of the CPI, we will prove how it is possible to construct 
within the formalism some generalizations of the Lie brackets and how it is possible 
to replace the Grassmann variables with Pauli matrices without losing anything of the 
initial geometrical richness. 

In Chapters 4 and 5 we will show that the enlarged "Hilbert space" associated to 
the CPI cannot be endowed with a scalar product with positive definite norm states 
and unitary evolution. Nevertheless we will show that it is possible to construct other 
functional formulations of CM satisfying both requirements. 

In the Conclusions we will give a brief summary of what we have done and we will indi- 
cate which further lines of research we are currently pursuing with the results contained 
in this thesis. 



PART I: 
Koopman-von Neumann Theory 
without Forms 



1. Koopman-von Neumann Waves 



Ordinary mechanics must also be statistically formulated: the determinism 
of classical physics turns out to be an illusion, it is an idol, not an ideal in 
scientific research. 

-Max Born, 1954 Nobel Prize Lecture. 



As we have said in the Introduction, the starting point of the KvN approach to CM 
[3] [4] is the introduction of a Hilbert space of complex and square integrable functions 
if) ((f) such that p(ip) = \if)((p)\ 2 can be interpreted as the probability density of finding a 
particle at the point if = (q, p) of the phase space. 

We know that in QM the complex character of the wave function is crucial: in fact 
while the modulus of ip is the square root of the probability density p, also the phase 
of tp brings in some physical information. For example it is related to the mean value 
of the momentum operator p and it gives origin to the well-known interference effects. 
In the following sections we want to study which is the role of the phases in the KvN 
waves. Part of the content of this chapter has been already published in [6]. 



1.1 Operatorial Approach to Classical Mechanics 

We know that in classical statistical mechanics the probability density p has to evolve 
in time according to the well-known Liouville equation: 

i^p(<p) = Lp(<p) (1.1.1) 

where L is the Liouville operator 

L = -id Pi H^)d qi + id qi H(<P)dpi (1-1-2) 

and H((p) is the Hamiltonian of the standard phase space. Koopman and von Neu- 
mann postulated the same evolution for the elements ip(<p) of the Hilbert space they had 
introduced: 

i^(<p)=U(<P) => ^ = (-d Pi Hd qi +d qi Hd Pi )i>. (1.1.3) 
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We can think of (1.1.3) as the fundamental equation governing the evolution of the 
vectors in the Hilbert space of CM: it is the analog of the Schrodinger equation for 
QM. A space, in order to be defined as a Hilbert space, must be equipped with a scalar 
product. KvN choose the following one: 

Mr> = J eW»r(¥>). (1-1-4) 
The norm of the states \ip) is then: 

= J d<^»Y#) = J dipp{y). (1.1.5) 

With this scalar product it is easy to show that (i/)\Lt) = (Lip\r), i.e. the Liouvillian L 

is a Hermitian operator; consequently the norm of the state (i/)\ip) = J d(pif)*(<p)ip(<p) is 

conserved during the evolution and we can consistently interpret p(<p) = ip*((p)ip(if) as 
the probability density of finding the particle in a point of the phase space. 

Coming back to (1.1.3) we note that no complex factor "i" appears on its RHS and 
that the operator of evolution L contains only first order derivatives. These ingredients 
are crucial to check that (1.1.1) can be derived from (1.1.3). In fact, if we take the 
complex conjugate of (1.1.3), we obtain: 

= (~d Pi Hd qi + d qi Hd Pi W (1.1.6) 

i.e. if) and tp* satisfy the same equation. Now, multiplying (1.1.3) by tp*i (1-1-6) by 
V> and summing the two resulting equations, we re-obtain (1.1.1), i.e. the evolution of 
p(ip) = i/}*((p)ip((p) via the Liouvillian operator: 

^-p = (-d Pi Hd qi + d qi Hd Pi )p i^p(<p)=Lp(ip). (1.1.7) 

So we have derived the standard Liouville equation for p((p) as a consequence of having 
postulated (1.1.3) for ip. We notice from (1.1.7) that the equation of motion of the 
modulus square of tp, i.e. p, is not coupled with the phase of ip. We will see in (1.2.34) 
that also the opposite is true, i.e. the equation of motion of the phase is completely 
independent of the modulus of ip. This does not happen in QM where the analog of L is 
given by the Schrodinger operator which contains second order derivatives in its kinetic 
term. In fact if we start from the Schrodinger equation for the quantum wave function 

ih 9 -^A = H^t) => ift^M = -^vV(?,t) + n9W9,*) (1-1-8) 

then we have that the probability density p(q, t) = \ip(q, t)\ 2 satisfies a continuity equation 
of the following form: 

% = -divj (1.1.9) 
where we have indicated with j the probability density current: 

j = ~^*v^-wY (l.i.io) 
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If we now write the wave function as ip = ^/pexp[iS/h] we discover immediately that the 
phase S enters explicitly into the expression of the current probability density j : 

. _ pvs 

^ m 

As a consequence the equation of evolution of p (1.1.9) couples the phase S and the 
modulus square p of the wave functions [7]. We can also notice from (1.1.9) that in QM, 
differently than in CM, the probability density p does not evolve in time with the same 
Schrodinger Hamiltonian H which gives the evolution of the wave function tp. 

The analysis presented above indicates some crucial differences between the KvN 
equation (1.1.3) and the Schrodinger one (1.1.8). These differences have their origin in 
the fact that the Liouvillian contains only first order derivatives while the Schrodinger 
operator contains second order derivatives. 

Before going on we want to briefly introduce the functional approach developed in 
[5] which represents the path integral counterpart of the KvN operatorial formalism 
and which we will indicate with the acronym CPI (for Classical Path Integral). First 
of all let us ask ourselves: which is the probability of finding a particle at a point 
(p a = (q 1 , . . . , q n ;pi, . . . ,p n ) of the phase space at time t if it was at (pf at the ini- 
tial time til This probability is one if Lp\ and (p a are connected with a classical path 
i.e. a path that solves the classical equations of motion, and it is zero in all the other 
cases. So we can write: 

P(<p a ,t\<p?,u) = Hv a - <t>ci(t;<Pi)) (1.1.12) 

where <fi) is the classical solution of the Hamiltonian equations of motion with 

initial conditions (ipf,ti). Since P((f a , t\ipf, U) is a classical probability, we can rewrite 
it as a sum over all the possible intermediate configurations: 

P(<p a ,t\<pt,U) =J2 P ( l P a ,t\kN-i)P(k N - 1 \k N _ 2 ) ■ ... • PfaltfA) 

N 

= J] / dtpj - rdtM-utj-i)} (1-1.13) 

3=1 J 

= I XV%>°-^(t;¥>i)] 

where in the first equality h L denotes an intermediate configuration ip^ between (<pf,U) 
and ((/? a ,i) and the symbol 5(. . .) represents a functional Dirac delta, that is a product 
of an infinite number of Dirac deltas, each one referring to a different time t along the 
classical trajectory. 

The functional delta in (1.1.13) can be rewritten as a delta on the Hamiltonian equa- 
tions of motion ip a = uj ab dbH((p) via the introduction of a suitable functional determi- 
nant: 

5[<p a - <f%(t; &)] = 5(<p a - uj ab d h H)det(d t 8 a h - oj ac d c d b H). (1.1.14) 

Next let us make a Fourier transform of the Dirac delta on the RHS of (1.1.14) intro- 
ducing 2n extra variables A a ; moreover let us exponentiate the determinant using An 



(1.1.11) 
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anticommuting variables c a ,c a - The final result is the following one: 



P((p,t\ipi,ti) = [ V"ipVXVcDcexp i [ dt C 

J L Jti 



(1.1.15) 



where with V"ip we indicate that the integration is over paths with fixed end points in 
<p and the Lagrangian C is given by: 

C = A a a + ic a c a - X a oJ ab d b H - ic a uj ad (d d d b H)c b . (1.1.16) 

From (1.1.15) and the kinetic part of the Lagrangian (1.1.16) we can deduce the form of 
the graded commutators [5] of the associated operatorial theory: 

[F,\ b ]=iS a b , [2°, %] = 8 a b . (1.1.17) 

All the other commutators are identically zero. In particular, differently from the quan- 
tum case, we have that [q,p] = which implies that we can determine with an arbitrary 
precision the position and the momentum of a classical particle, like it happens in the 
standard approach to CM. Associated to the Lagrangian (1.1.16) there is a Hamiltonian 
which is 

H = X a u ab d b H + ic a u ad (d d d b H)c b . (1.1.18) 

We notice that, instead of just the original 2n phase space coordinates ip a , we now have 
8n variables (tp a , X a , c a , c a ) whose geometrical meaning has been studied in detail in Refs. 
[10] [16] and will be reviewed in the second part of this thesis. We will indicate with M 
the original phase space coordinatized by ip a and with M. the space coordinatized by 
(ip a ,X a ,c a ,c a ). This space can be endowed with some extended Poisson structures as 
follows. From the Lagrangian (1.1.16) one could derive the equations of motion for the 
8n-variables (ip a , X a , c a , c a ) by the simple variational principle. These equations are: 

ip a = co ab d b H 
c a = oj ac d c d b Hc b 

t b = -c a uj ac d c d b H (1.1.19) 

x b = -tu ac d c d b HX a -ic a u; ac d c d d d b Hc d . 

The same equations could be derived from the Hamiltonian H if we introduce the fol- 
lowing extended Poisson brackets structure (epb) in the extended space ((p a , X a ,c a ,c a ): 

(LL20) 

{ {c b ,c a } epb = -i8l 

where all the other brackets are identically zero. Then we get that the equations of 
motion (1.1.19) can be written in a compact way as 

^ = {0,H} epb (1.1.21) 

where O is any function of the variables (f a ,X a ,c a ,c a ). More details can be found in 
Ref. [5]. 
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What is nice about the extended space M. is that all these 8n variables can be put 
together in a single object known in the literature on supersymmetry as superfield. In 
order to construct it we first enlarge the base space including, besides the standard 
time t, two Grassmannian partners 9, 9 and then we build in the superspace (t, 9, 9) the 
following superfield: 

$ a (i, 9, 9) = (p a (t) + 9c a (t) + 9uj ab c b {t) + i99uj ab \ b {t). (1.1.22) 

The index "a" in <£ a indicates either the first n configurational variables q or the second 
n momentum ones p. The explicit expression for the two different kinds of superfields is 
given by: 

q — > & = q + 0c q + ()c p + m\ p (1.1.23) 
p — > $p = P + 9c p -9c q -i99X q (1.1.24) 

where we have put the index q (or p) on c, c, A just to indicate that we refer to the first 
n (or the second n) of the c, c, A variables. Let us take the usual Hamiltonian H of CM 
and replace in its argument the standard phase space variables <p with the superfields <J>. 
Next let us make the expansion of H(&) in 9 and 9. It is then straightforward to prove 
the following formula: 

H(<S>) = H(tp)+9N H -9N H + i99H (1.1.25) 

where the precise form of N H ,N H is not necessary in this section and can be found in 
Ref. [5]. From (1.1.25) it is easy to prove that the connection between the standard 
H(ip) and the Hamiltonian appearing in the weight of the CPI is: 

i J d9d9H[<5>] =H. (1.1.26) 

The same steps we did above for the Hamiltonian, i.e. to replace if with $ and to expand 
0($) in 9, 9, can be done for any function O(ip) of the phase space M: 

0($) = 0(ip)+9N -9N + i990 (1.1.27) 

where O = \ a u ab d b O + ic a u ad {d d d b O)c b . 

In the first part of this thesis we will be interested only in the non- Grassmannian set 
of variables (ip a , X a ). So the Lagrangian C of (1.1.16) and the Hamiltonian H of (1.1.18) 
will be reduced to: 

C B = \ a ^ a - \ a uJ ab d b H (1.1.28) 
U B = \ a oJ ab d b H (1.1.29) 

and the superfields (1.1.23) and (1.1.24) to: 

$1 = q + i99\ p (1.1.30) 
<S>P=p-i99\ q . (1.1.31) 
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The commutators [(p a , A&] = i6% can be realized considering (p a as multiplicative operators 
and Afe as derivative ones: 

% ' = - l W' ^— '4- lp - = -'h (LL32) 

From now on we will indicate this representation as the Schrddinger representation of 
CM. Using (1.1.32) the Hamiltonian 7i B becomes the following operator: 

n B = -ioj ab d b Hd a = -id Pi Hd gi + id gi Hd Pi (1.1.33) 

that is exactly the Liouvillian L of (1.1.2). This confirms that the path integral (1.1.15) 
is the correct functional counterpart of the KvN operatorial theory. 

In deriving (1.1.15) we have started from the transition probability P(tp,t\<pi,ti) of 
going from (fi to ip in the time interval t — tj. So we can say that the path integral 
(1.1.15) gives a kernel of evolution for the classical probability densities p((p,t), in the 
sense that if we know the probability density at the initial time ij we can derive the 
probability density p at any later time t via the standard relation: 

p(ip,t) = J d(piP(<p,t\(pi,ti)p(<pi,ti). (1.1.34) 

Let us remember that KvN postulated for ip(<p) the same equation of motion (1.1.3) as 
for p((p). As a consequence the evolution of the KvN waves can be represented as: 

ip(ip,t) = J d(piK((p,t\(pi,ti)rp((pi,ti) (1.1.35) 

where the kernel of evolution K((p,t\(pi,ti) has the same expression as the kernel of 
evolution P(tp,t\(pi,ti) for the densities p(<p). To show that there is no contradiction 
in having the same kernel propagating both ip{<p) and |V , (</')| 2 now we will work out in 
detail the case of a free particle. The kernel P(tp,t\<pi,ti) of p(<p) is just (1.1.12) which 
is a Dirac delta. So, since the kernel K{ip, t\tpi, U) of propagation of ip(<p) has to be the 
same, we have for a free particle: 

K( V >,t\ ( p i ,t i = 0) = s(q-q i -^jS(p-p i ). (1.1.36) 
Let us now use this expression to check what we get for the kernel of p knowing that 

p{t) = \m\ 2 - 



p(t) = rW(t) = J d^K*(<p,t\^, 0)^(^,0)- J d<p' i K(<p,t\ri,0)iP(ri,0) = 
= J dqidpid^q - q { - ^V(P ~ Pi) ^* (QhPuty ■ 

• J dq'M^q-q^-^yip-p^M^^o). (1.1.37) 

Now we can use the properties of the Dirac deltas to rewrite: 

p{t) = j dqidpidq-dp't S^q-qi- ^j S (P ~ Pi)${Pi ~ Pi) ' 

■s(qi ~q'i + (Pi ~ Pi)^j V>*(%,K,0)V(^,0). (1.1.38) 
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The integrals over the primed variables can be done explicitly: 

J ^^(Pi-^fft-gJ + fo^^ (1.1.39) 

Substituting (1.1.39) into (1.1.38) we have finally: 

p(<p,t) = J dq i dp i K((p,t\<p i ,0)p(<p i ,0). (1.1.40) 

From this relation we get that the kernel of propagation for the probability density p is 
the same as the one for the KvN wave ip and this confirms that there is no contradiction 
in the KvN postulate. 



1.2 Spreading and Phases of KvN Waves 

One of the most characteristic effects of QM is the spreading of the wave functions 
during their time evolution. Let us consider for example a quantum free particle in one 

d 2 

dimension with Hamiltonian H = —h 2 -^—^ and let us take as initial wave function the 

oq A 

following one of Gaussian type: 

V ' ta ' ( = 0) = 7^ exp (^ + K)- (L2 - 1) 

It is easy to check that, for what concerns the initial position q, its mean value is equal 

a 2 

to zero and the uncertainty in its measurement is: (Aq) 2 = — . At time t the wave 
function will be: 



ip(q,t) = N ■ exp 



m ( _Pit\ 2 + . Pi t 

2(ma 2 + iht) \ m J h \ 1 2m 



(1.2.2) 



where iV is a normalization factor. From (1.2.2) we can note how the coefficient pi, 
which at time t = appeared only in the phase of the wave function, at any time t > 
appears also in its modulus. As a consequence the expectation value of the position q at 
any time t > depends explicitly on the initial phase factor pf, in fact we have: 

W) = J dqqmq,t)\ 2 = Pi t/m. (1.2.3) 

So we can say that, during the evolution, the information about the mean value of q is 
carried by terms appearing originally in the phase of ip. For the mean square deviation 
of q we get: 

^ 2 f t 2 h 2 



(Aq(t)) 2 = (q- q{t)Y = y ^ + ^ ) ^ 2A ) 
from which we obtain that, for t — > oo, the wave function is totally delocalized: 



lim (Aq(t)) 2 = +oo, Va > 0. 

t— +oo 



(1.2.5) 
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This effect is present also if we prepare an initial state very sharply peaked around the 
origin, in fact: 

a 2 t 2 h 2 



lim A(q(t)) 2 = lim — + — ^ = +00, Vt > 0. (1.2.6) 
a^o w/ a->o\2 2m 2 a 2 J 

Note that the previous limit is +00 because of the presence of the parameter a 2 in the 
denominator of (1.2.6). This relation is not surprising: if we take a — > at the beginning 
then we have a state perfectly localized in space, i.e. (Aq) 2 — > but, from Heisenberg 
uncertainty relations, we deduce that (Ap) 2 — > +00. So in this case the initial momentum 
is completely undetermined and, consequently, even after an infinitesimal time interval, 
also the position of the particle becomes completely undetermined. These are the well- 
known quantum mechanical effects. 

What happens in the operatorial version of CM? As we have seen in the previous 
section, the evolution in time of the KvN waves is generated by the Liouvillian itself 
L = —idpHdg + id q Hdp which, in the particular case of a one-dimensional free particle, 
has the following simplified form: 

L = ~i^. (1-2.7) 
m oq 

The free Liouvillian is essentially the product of two commutative operators: an operator 

d 

of multiplication p and a derivative operator — i— . So if we want to diagonalize the 

oq 

d 

Liouvillian L of (1.2.7) we have to diagonalize simultaneously both p and —i-^r- The 

oq 

eigenstates of p associated to an arbitrary real eigenvalue po are the Dirac deltas 5(p— po); 
d 

the eigenstates of — i— associated to an arbitrary real eigenvalue 1 X g are instead the 
plane waves j_ exp[iA 9 g], So the eigenstates of the Liouvillian for a free particle (1.2.7) 

\>2lT 

d 

are just the product of the eigenstates of p and — i—: 

dq 

T \ qP0 (q,p) = -^=exp[i\ q q]5{p - po) (1.2.8) 

V Z7T 

and the associated eigenvalues are: £ = . Now, let us take as initial wave function 

m 

the following double Gaussian in q and p: 



i>(q,p,t = 0) = _L=expf-^ - ^-fSi- ) (1.2.9) 



f_ _ (P ~ Pi " 2 

where a and b are related to our initial uncertainty in the knowledge of q and p: 
(Aq) 2 = a 2 /2, (Ap) 2 = b 2 /2. Note that, since in CM q and p commute, there is no 

1 We call A„ the eigenvalues of —i-^- since —i-^- is just a representation of the abstract Hilbert space 

oq oq 

operator \ q : see (1.1.32) and the next section. 
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uncertainty relation. As a consequence a and b in (1.2.9) are two completely indepen- 
dent parameters and the product (Ag) 2 • (Ap) 2 can assume arbitrary small values. 

Now we can write the initial KvN wave (1.2.9) as a superposition of the eigenstates 
(1.2.8) of the Liouvillian L as: 



i/>(q,P,0) = j d\ q dp c(\ q ,p )T XqPo (q,p) 
where the coefficients c(X q ,po) are given by: 

c(X q ,Po) = J ' dqdpTx q , P0 (q,p)ip(q,p,t = 0) 

A g° 2 (Po ~ Pif 



(1.2.10) 




cxp 



2b 2 



(1.2.11) 



The KvN wave at t is: 



*l>(q,P,t) = J d\ q dp c(\ q ,po)exp[-i£t]T XqPo (q,p) 



/ TTab 



exp 



1 

2a 2 



m 



(P - Pi)' 
2b 2 



(1.2.12) 



Note that this ip(t) is related to the initial KvN wave ^(0) by the following equation: 



i>(q,p,t) = V>( q- ~>p>° 



OH dH 

' iq ~ V' ^' (L2 ' 13) 



The previous relation could be inferred also from the CPI (1.1.15). In fact, as we have 
seen in the previous section, in the case of a free particle the resulting kernel of propa- 
gation is correctly given by: 



K(<p,t\<pi,0) =8yq-qi- ^jS(p-pi) 
from which we obtain immediately: 

4>{q,P,t)= j dipiK((p,t\ipi,0)ip(tpi,0) = ip(q-^,p,0 



(1.2.14) 



(1.2.15) 



If we calculate the modulus square of the KvN wave \ip(q,p, t)\ 2 = p(q,p,t), i.e., the 
probability density of finding the particle in a certain point of the phase space, we have 
from (1.2.13) that: 

(OH OH \ 

*--fy t >p+ V'T (L2 ' 16) 

which is in perfect agreement with the Liouville theorem — p = 0. 

dt 

Let us now go back to (1.2.12) and calculate the mean values of the dynamical variables 
at a generic time t. They are: 



dqdpq \ip(q,p,t)\ 2 = P " 



m 



dqdpp \ip(q,p,t)\ 2 = p { . 



(1.2.17) 
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Note that, differently from QM, the information on the mean value of p is given by 
coefficients which appear in the modulus of the KvN wave (1.2.12). The mean square 
deviations are: 

2 t,2 2 z»2 

Wm? = \ + ^ mtw= b -. (1.2.18) 



Therefore also in CM if b ^ then we have lim (Aq(t)) 2 = +oo and the KvN wave 

becomes totally delocalized. This is not strange if we consider that we are giving a 
statistical description of a set of particles with a momentum distributed in a Gaussian 
way around pi. This means that we can have particles with momenta both greater and 
smaller than pi. These particles cause a spreading in the wave function and, consequently, 
in the distribution of probability around the mean value of q. 

If we instead consider the motion of a single particle we can measure exactly its 
position and momentum at the initial time. In this case the terms that parameterize 
the Gaussians (1.2.9) and (1.2.12) go to zero (a — ► 0, b — > 0). Therefore the variances 
are identically zero because, differently from the quantum case (1.2.6), in (1.2.18) the 
parameters a 2 and b 2 do not appear in the denominator: 

a 2 b 2 t 2 \ „ b 2 



lim (Aq(t)) 2 = lim + = 0, lim (Ap(t)) 2 = lim - = 0. (1.2.19) 

a, 0^0 a,b—*0 \ Z Z TTl J a,b^0 b^0 Z 

Since the previous relations hold for every time t we can say that the particle remains 
perfectly localized in the phase space at every time t. 

We feel that even this very simple and pedagogical example can be used to underline 
some very important differences between the quantum and the classical operatorial ap- 
proaches which are: 

1) in CM we can know with absolute precision q and p since q and p are commuting 
operators and so there is no uncertainty relation between them; 

2) the classical dynamics given by L is such that, if we know with absolute precision the 
position and the momentum at t = 0, they remain perfectly determined at every instant 
of time t and there is no spreading; 

3) the knowledge about the average momentum of the classical particle is brought by 
terms appearing in the modulus, and not in the phase, of the KvN wave. 

For a classical free particle it is easy to show that, even if we add a phase factor to 
an arbitrary initial KvN wave, then this phase factor does not pass into the real part 
during the evolution differently from what happens in QM, see (1.2.1)-(1.2.2). This can 
be proved as follows: every initial classical KvN wave 

il>(q,p) = F(q,p)exp[iG(q,p)} (1.2.20) 

can always be written as a superposition of the eigenstates of the free Liouvillian (1.2.7) 
in the following way: 

i>{<l,P)= J d\ q dp c(X q ,p )Tx q p (q,p) (1.2.21) 

where the eigenstates T\ q:P0 (q,p) are given by (1.2.8) while the coefficients c(X q ,po) are 
basically the Fourier transforms of ip(q,Po) with respect to the variable q: 

c(X q , Po ) = ^f dqe-^F(q,p )e iG ^. (1.2.22) 
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Now the free evolution of the KvN wave can be obtained in the usual way: 
i>(q,P,t) = J d\ q dp c(\ q ,po)ey:p[-i£t\Tx q p (q,p) = 



= J d\ q c(X q ,p)exp 



i\[q 

m 



f pt 




iG\q - —,p) 


q ,p 


lexp 


V m J 




\ m J 



(1.2.23) 



which again is in perfect agreement with the kernel of evolution (1.2.14). Since the 
phase G remains a phase also during the evolution we have that, in the case of a free 
particle, for every initial KvN wave ip(q,p) = F(q,p)exp[iG(q,p)] the probability density 
^{q-iP^)] 2 does not depend on the phase G not only at the beginning, but also at any 

later time; in fact from (1.2.23) we have that \ip(q,p, t)\ 2 = F 2 ^q— — ,p^j . This has some 

consequences also on the expectation values of the observables. Usually one assumes that 
observables in CM are the functions of the phase space 0(tp). In operatorial terms they 
become the operators 0((p) and it is easy to check that their expectation values do not 
depend on the phase G of the KvN wave (1.2.20): 

(0) = J d<pF*(<p)exp[-iG(<p)]0(<p)F(<p)exp[iG(<p)] = J d<pF*(<p)0(<p)F(<p). (1.2.24) 

This is true for any time t as it is clear from the form (1.2.23) of the KvN wave. This 
independence from the phase G would not happen if there were observables dependent 
also on A because A is a derivative operator and phases enter the expectation values of 
the derivative operators 2 . 

These considerations can be extended to the case of a physical system characterized 
by a generic Liouvillian L. In fact the solution of the equation: 

i^(q,p,t)=L^(q,p,t) (1.2.25) 

is given by [17]: 

*l>(q,p,t) = il>(q(q,p,t),p(q,p,tj) (1.2.26) 
where q and p are the solutions of the equations: 

*,(.,**) P,(^.t) = B -^f (1.2.27) 

with the initial conditions q~j{q,p, 0) = q®, pj{q,p, 0) = p°. So, according to (1.2.26), the 
evolution of a classical system via the Liouvillian does not modify, in the Schrodinger 
representation, the functional form of ip. As an immediate consequence, we have that, 
if we take a KvN wave without any phase at the initial time, then phases cannot be 
generated during the evolution: 

L : ^(without phases t = 0) — ► ^(without phases t). (1.2.28) 



"We will analyse this in more details in Sec. 1.4. 
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In QM instead, even if we start from a wave function that does not contain phases, these 
ones will be created in general at later times via the operator H: 



H : tp (without phases t = 0) 



ip (with phases t). 



(1.2.29) 



An example of this phenomenon is given by (1.2.1) and (1.2.2). Even if we start with no 
phase pi = 0, at time t we get that the wave function (1.2.2) becomes: 



ip = N ■ exp 



m 



2(ma 2 + iht) 



(1.2.30) 



and it has a phase because of the term iht in the denominator. All this is a consequence 
of the fact that the phase and the modulus of the wave functions are coupled in QM as 
one can see from standard text books, [18]. In fact, writing 



ip{q) = A(q)ex.p 



(1.2.31) 



and equating the real and imaginary part of the Schrodinger equation (1.1.8), we obtain 
the following two equations for A(q) and S(q): 



J_(dS\ 2 y_ 
dt 2m \dq J 
dA dAdS_ Ad 2 S 
dt dq dq 2 dq 2 



h 2 d 2 A 

2mA dq 2 
= 0. 



(1.2.32) 



From (1.2.32) it is easy to see that S and A are coupled by their equations of motion. 
In CM instead if we start from 



we can insert it in (1.1.3): i 



ip(q,p) 
dip 



F(q,p)exp[iG(q,p)] 



(1.2.33) 



dt 



Lip and, equating the real and imaginary part, we get 



that both the modulus and the phase evolve with the Liouville equation: 



OF 
''-dt 



LF, 



l ~dt = 



(1.2.34) 



So we see that in CM the phase and the modulus decouple from each other and they do 
not interact at all. Summarizing all this discussion we can give the following aphorism: 
" What is QM? Quantum mechanics is the theory of the interaction of a phase with a 
modulus 11 . 

As we have just proved, in CM there is at least one representation in which this 
interaction is completely lost and the evolution of the modulus is completely decoupled 
from the evolution of the phase. One may then think that it is useless to deal with 
complex KvN waves if their phases do not bring in any physical information. This is 
true only if we decide to work in the Schrodinger representation. In the next section we 
shall show that, changing representation and using the one where p is realized as the 
derivative with respect to A p , the mean value of p is related to the phase of the KvN 
waves. So, if we want to be as general as possible and not just stick to the Schrodinger 
representation, we have to assume that the classical KvN waves are complex objects. 
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1.3 Abstract Hilbert Space and the (q,X p ) Representation 



In the previous section we have restricted ourselves to the Schrodinger representation 
in which both q and p are realized as multiplicative operators, and we have worked out 
everything in this frame. What we want to do now is to construct the Hilbert space of CM 
from an abstract point of view, i.e. without considering any particular representation. 
We can start observing that q and p can be considered as a complete set of commuting 
operators whose real eigenvalues form a continuous spectrum which includes all the values 
from — oo to +oo: 

q\q,p) = q\q,p); p\q,p) = p\q,p). (1.3.1) 

The eigenstates \q,p) form an orthonormal and complete set which can be used as a 
basis for the Hilbert space of KvN. The orthonormality and completeness relations are 
respectively given by: 

(q',p'\q",p") = 5{q' - q")S(p' - p"), J dqdp\q,p)(q,p\ = 1. (1.3.2) 

The connection between the abstract vectors \ip) and the KvN waves ip(q,p) is through 
the relation (q,p\ip) = ip(q,p)- In this basis the operators q and p are diagonal: 



while the operators — i 



dq 



{q', P '\q\q",p") = q'5(q' - q"W - p"); 

(q',p'\p\q",P")=P'S(q'-q")S(p'-p") 
d \ 

-i— defined by the relations: 
op J 



(1.3.3) 



W,P' 











dq \ dp 



.d_ 

'dq 1 



are Hermitian. From (1.3.2)-(1.3.4) it is easy to check that: 



W,p' 



\ d 
dq 



iP) = (q',p'\i\iP), (q',p' 



\ d 
dp 



tp) = (q',p'\i\ 



(1.3.4) 



(1.3.5) 



while all the other commutators are zero. Because of the completeness of (q',p'\ and 
the arbitrariness of the state we have that (1.3.5) can be turned into the purely 



operatorial relations: 



q,-i 



d_ 

dq 



i and 



p,-i 



d_ 

dp 



i and so, from (1.1.17), we can 



d - d 

identify A„ = — i— and X p = Now it is easy to show that the Liouville equation 

dq dp 

(1.1.3) is nothing more than a particular representation of the abstract Liouville equation: 

° ' ' (1.3.6) 



i-\iP,t) = \ a u ab d b HW,t) 



obtained using as basis the eigenfunctions of q and p. If we consider the following 

Hamiltonian in the standard phase space: H = h V(q), then the Liouville equation 

2m 

(1.3.6) becomes: 

o r 

ift\M= \ q ^-\ p d q V(q) \4>,t). (1.3.7) 
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Projecting the previous equation onto the basis (q,p\ we easily obtain: 



d 



A, 



p_ 

1 m 



ip,t) - (q, P \\ p d q V{q)\iP,t) = 



-i-~-{q,p\*l>,t) + id q V(q) — {q,p\M 
moq op 



that is equivalent to the usual Liouville equation: 



d_ 

dt 



ip(q,p,t) = 



p d 
m dq 



+ d q V(q) 



d_ 

dp 



tp(q,p, t). 



(1.3.8) 



(1.3.9) 



The basis of the eigenstates \q, p) is not the only one for the Hilbert space of CM. A very 
important representation [19] is the one in which we consider the basis of the simultaneous 
eigenstates of q and X p which, according to (1.1.17), are commuting operators: 



q\q,\ p ) = q\q,\ p ); 



1.3.10) 



Sandwiching the second relation in (1.3.10) with the bra {q',p'\ we obtain the following 
differential equation: 

-i-Q^W,p'\qA P ) = \{q',p'\qA P ) (1.3.11) 



whose solution is: 



(q',p'\q,\p) = ^=5{q-q'yv' X v. 

V Z7T 



(1.3.12) 



Also the states \q,\ p ) form a complete set of orthonormal eigenstates, i.e. another 
possible basis for the vectors of the KvN classical Hilbert space. In this basis we have: 



(q, A p | 



dq'dp(q,\p\q',p)(q',p\ 



which, via (1.3.12), gives: 



^\ p ) = ^=J dpe'^^p). 



(1.3.13) 



(1.3.14) 



This means that the KvN waves in the (q, X p ) representation and in the Schrodinger 
one are related via a Fourier transform 3 . In this new representation we have for the p 
operator: 



(q,\p\p\?P} 



dq'dp'(q,X p \p\q',p')(q',p n 



1 



1 . d f ,,_,y Ar , „ .8 



dp'p'e ip ' Xp ifj(q,p' 



(1.3.15) 



while X p is simply a multiplicative operator: 



(q, X P \X P 



Xp(q,X p \ip). 



1.3.16) 



We indicate the wave functions in the new basis with the same symbol ip f° r notational simplicity. 
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Summarizing (1.3.10)-(1.3.16), we can say that, with respect to the Schrodinger repre- 
sentation, in the (q, X p ) one we have to consider p as a derivative operator and X p as a 
multiplicative one: 

q — > q 

Xn > X n 



X n 



P 



d 
% 



(1.3.17) 



dX r 



This is simply a different realization of the usual commutation relations: [<^ a ,A{,] 
Using (q, X p \ we get that the abstract Liouville equation (1.3.7) becomes: 

d 1 d d 

i—i>(q, Ap, t) = - — —4(q, X p , t) - X p d q V(q)ij(q, X p , t). (1.3.18) 

We shall now show that a lot of the results of the previous section were strongly 
dependent on the particular kind of representation we used. In fact in the (q, X p ) rep- 
resentation, since the momentum p has become a derivative operator, we have that the 
information about its mean value is brought in by the phase of the KvN wave similarly to 
what happens in quantum mechanics. For example, using the Fourier transform (1.3.14), 
we have that, in the (q,X p ) representation, the double Gaussian state (1.2.9) becomes 
the following one: 



ip(q,X p ,t = 0) 




cxp 




exp 



A^ 2 



— ipiX p 



(1.3.19) 



We immediately note that the KvN wave, which was real in the Schrodinger represen- 
tation, has become complex. The mean values of q and p are obviously the same as 
before: 

d 

q = (ip\q\ip) =0, p= (V#|^> = (ip ' 



dX r 



V') =Pi 



1.3.20) 



but now we see that elements appearing in the phase of the KvN waves, like pi in (1.3.19), 
begin to play an important role since they are linked with the mean values of physical 
observables like p. 

Let us now make the evolution of (1.3.19) under the Liouvillian for a free particle. 
This Liouvillian in the (q, X p ) representation is given by: 

- 1 d 2 , 

(1.3.21) 



L 



m dqdX p 



Its eigenstates are: 



T\ g , P (q, X p ) = ^-exp[iX q q - iX p p}. 



(1.3.22) 



while the associated eigenvalues are pX q /m. Writing the KvN wave (1.3.19) as a super- 
position of the eigenstates T\ q>p above and making the evolution of the system, we obtain 
at time t: 



ip(q,Xp,t) = N ■ exp 



q 

2a 2 



2b 2 



1 (Xpina b + iqtb + ipiina 
2 



2\2 



a 2 b 2 (m?a 2 + t 2 b 2 ) 



(1.3.23) 
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where N is the normalization factor. From the previous formula we see how the factor 
Pi which, according to (1.3.19), at time t = entered only the phase factor, at time t 
has passed also into the real part of the KvN wave, exactly as in the quantum case we 
studied before. The expectation values and the variances of q and p are still given by 
(1.2.17)-(1.2.18): 

_ Pit 



m 

and: 

a 2 b 2 t 2 



P = Pi (1.3.24) 



(A«) 2 = y + y^ (A.) 2 = T d.3.25) 

This is true because they are observable quantities and, consequently, they have to be 
independent of the representation we are using. Anyhow to prepare a KvN wave of the 
form (1.3.19) well-localized both in q and in X p , we have to send a — > 0, b — ► oo. In this 
limit we have that (Ag) 2 — > oo at every time t > and so there is an instantaneous 
spreading of the KvN wave. This is not surprising. In fact if the initial KvN wave is 
very peaked around q = X p = then we know precisely the values of q and X p , instead 
of the values of q and p. From the commutator [p, X p ] = i we can derive the following 
uncertainty relation: Ap • AA P > 1/2, where Ap and AA P are the square roots of the 
mean square deviations. So if, by sending b — > oo, we determine with absolute precision 
A p , the value of p is completely undetermined. Consequently also the position q at every 
instant t > is completely undetermined, because q and p are linked by the classical 
equations of motion q = p/m. An immediate consequence of this is the spreading of q 
and the complete derealization of the KvN wave at every instant of time following the 
initial one 4 . 

Another aspect that we can study is the continuity equation which in the Schrodinger 
representation was nothing more than the usual Liouville equation for the probability 
density p, as we have seen in Sec. 1.1. What happens in the (q,X p ) representation? 
According to what we have already seen, the Liouville equation for ijj becomes: 

Q 1 d d 

i-^(q, X p , t) = - — —</>(<?, X p , t) - X p V'(q)i>(q, X p ,t). (1.3.26) 

Taking the complex conjugate we obtain the equation for ip*(q, X p ): 

-i-V*(<7, Ap, t) = - — —^( q , X p , t) - X p V\q)r (q, X p , t). (1.3.27) 



From (1.3.26) and (1.3.27) we get that the equation for p(q, X p ) = i(}*(q, X p )ip(q, X p ) is of 
the form: 

d_ 



: p(q,X p ,t)+J = (1.3.28) 



where: 

i ( d d , ,3 



So in this case p(q, X p ) does not evolve with the Liouville equation and there is no manner 
to write J in terms only of p. In fact, if we write ip(q, X p ) = ^/pex.p[iS(q, X p )], the phase 

4 The usual mechanics of the single particle can be reproduced also in this representation but we have 
to take the limit a — > 0, b — ► 0, i.e. we have to use for X p a plane wave of the type exp(— ipi\ p ). 
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S(q, X p ) will enter explicitly into J and the equation of p. This creates a situation very 
similar to the quantum one, where phases and moduli are coupled in the equations of 
motion. 

Another aspect that the (q, X p ) representation of CM has in common with the standard 
quantum one is the following: even if we prepare a real KvN wave of q and X p at the 
initial time t = 0, phases will be created in general by L during the evolution. This can 
be seen by means of our usual example. In fact, if we put pi = 0, we have from (1.3.19) 
and (1.3.23) that: 




exp 



xy 



2a 2 



N • exp 



2a 2 



l2\2 



1 (X p ma 2 b 2 + iqtb 

2 a 2 b 2 (m 2 a 2 + t 2 b 2 ) 



L : ip(q, X p ,t = 0) without phases — > ip(q,\ p ,t) with phases. 

Since the (q, X p ) representation has all these features in common with QM it is to be 
expected that this representation turns out to be [19] the one where the process of 
quantization is best understood. 



1.4 Superselection Rules and Observables 

In the previous section we have given some reasons why the elements of the Hilbert 
space of KvN must be chosen as complex. Now we want first to analyse in detail which 
assumptions must be done on the observables in order to make this choice consistent. 
Second we want to give the abstract theoretical reasons why the phases of the classical 
KvN waves cannot be felt by those operators which depend only on (p = (q, p) when we 
choose the (q,p) representation. In performing this analysis we shall make use of the 
notion of superselection rules. For a review about this subject we refer the reader to 
[20] [21]. 

Can a superselection mechanism appear in the Hilbert space of KvN and which are 
its consequences? To answer this question we have to analyse in detail the issue of which 
are the observables in KvN theory. Usually physicists identify the observables of CM 
with the functions of the phase space variables ip. In the operatorial formulation of 
CM this is equivalent to postulate that the observables are all and only the functions 
of the operators (p = (q,p). Let us accept for a while this postulate and see which 
are its consequences for the KvN formulation of CM. First of all the algebra of the 
classical observables turns out to be Abelian and the operators (p = (q,p) turn out to 
commute with all the observables of the theory. Therefore the operators (p = (q, p) are 
superselection operators and the associated superselection rules have to be taken into 
account. According to these rules if we consider two states corresponding to different 
eigenvalues of the superselection operators, i.e. |<^i) and \ip 2 ) satisfying: 

r (p\^) = vM 

we have that there is no observable connecting them since: 

(^|O(^|^ 2 ) = 0. (1.4.2) 
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Furthermore if we consider a linear superposition of eigenstates corresponding to different 
eigenvalues: 

= CKi|^i) + a 2 \ip 2 ) (1.4.3) 

with a 1 a 2 / we have that the vector 1^) cannot be considered a pure state. In fact, 
if the observables of the theory are only the functions 0((p), then it is impossible to 
find an observable having |?/>i) as an eigenstate. So the state cannot be prepared 
diagonalizing a complete set of observables, like it happens for all the pure states of QM. 
Besides this when we compute the expectation values of the observables 0((p) on \ip-t) 
we have that: 

^ (V>i|0(£)|V>i) ( a ^il + a t{^\)°{'?)( a M + a 2 |¥>2>) 
(V'llV'i) [a*M + a*(f 2 \) («i|¥>i> + a 2 |¥» 2 )) 

_ |ai| 2 (y?i|Q(y)|yi) + \a 2 \ 2 {<p 2 \Q{(p)\<p 2 ) 
|ai| 2 (^i|^i> + \a 2 \ 2 {(p 2 \(f 2 ) 

Therefore the expectation values that can be calculated using the vector are just 
the same as those calculated starting from the mixed density matrix 

P= |ai| 2 |^i)(^il + KPlv^Xv^l (1.4.5) 

via the rule O = Tr[pO(£>)]/Tr[p]. So from a physical point of view the state (1.4.3) can- 
not be distinguished from the mixed density matrix (1.4.5). This means that "coherent 
superpositions of pure states are impossible, one automatically gets mixed states when 
attempting to form them" [22] . 

All this can be rephrased also in the following way: the relative phase between \<p±) 
and \ip 2 ) cannot be measured using only observables like 0((p). In fact to obtain the mean 
values of these observables the only important thing is the modulus square of a 1 and a 2 
as it is clear from (1.4.4) and (1.4.5). These considerations can be extended very easily to 
the case of a continuous superposition of states \<p): the two vectors = f d(pvp((p)\ip) 
and | ip) = J dtp ^(^e 1 ^^^) are physically indistinguishable because they give the same 
expectation values for all the observables of the theory. "But they are also completely 
different vectors in Hilbert space!" [20]. If we want to avoid this redundancy we have to 
forbid the superposition of eigenstates of the superselection operators and consider only 
the statistical mixtures (1.4.5) which, in the continuous case, become: 

p = J dip P {<p)\<p)(<p\. (1.4.6) 

Therefore the Hilbert space must be considered as a direct sum (or, better to say, a 
direct integral) 

H = © {W} H({^}) (1.4.7) 

of the different eigenspaces H({(/?j}) corresponding to the different eigenvalues <pi for the 
superselection observables (p. These eigenspaces are incoherent, i.e. the relative phases 
between vectors belonging to different eigenspaces cannot be measured at all; not only, 
but it is impossible to move from one eigenspace to the other by means of an observable. 
All this has a very unpleasant consequence: in QM the superselection observables, like 



(1.4.4) 
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the parity or the charge operator, commute with all the observables of the system and in 
particular with the Hamiltonian H, which is the generator of the time evolution. This 
implies that the eigenvalues of the superselection operators are constants of the motion. 
So when we prepare the system in one particular eigenspace the time evolution cannot 
bring the system outside it. This is fine if the superposition operator is the parity or the 
charge because it only implies that all the states reached by the time evolution have the 
same parity and the same charge. But this is catastrophic in the KvN formulation of 
CM. In fact there the superselection operators are the <p and so the eigenspaces of the 
superselection operators are in 1-1 correspondence with the points of the phase space M; 
when we consider the time evolution of the system we pass from one point of the phase 
space to the other and, therefore, from one eigenspace of the superselection operators 
to the other. Therefore if the observables of CM are only the functions of (p and the 
superselection mechanism is automatically triggered, then we have to admit that the time 
evolution of the system cannot be performed by an operator belonging to the observables 
of the system. We note that this is perfectly consistent with the fact that the generator 
of the evolution is the Liouvillian which depends also on the variables A and not only on 
(p. 

The possible ways out are basically two. We can insist on having as observables all and 
only the functions 0((p) and on considering as physically significant only the statistical 
mixtures (1.4.6). From the probability density p(<p) we can construct its real square root 
i/)(ip) = | \fp{Jp)\ and use it to build in any case the following linear superposition of the 
eigenstates \ip): 

|V) = j d<p1>(<p)\<p). (1.4.8) 

Now the coefficients of \ip) in the superposition (1.4.8) are just real functions of ip. As 
a consequence there is a 1-1 correspondence between the statistical mixtures (1.4.6) and 
the vectors \ip) of (1.4.8). Not only, let us construct the pure density matrix 

' = |VXVI = J fW^W^)!^^. (1-4.9) 

Since the algebra of the observables 0[(p) is Abelian we have that only the diagonal 
terms of p' contribute to the mean values of O. As a consequence it is easy to realize 
that the mean values of the observables calculated from the p of (1.4.6) and the p' of 
(1.4.9) are just the same: 

TtfpOm _ Tr[p'0(y)] 

Tr[p] Tr[p'] ' [ ' ' Uj 

So we can say that via the linear superposition (1.4.8) with real coefficients we can 
perform the same physics as with the statistical mixture p of (1.4.6). Furthermore there 
is also a 1-1 correspondence between the real vectors \ip) and the statistical mixtures p. 
So there is no redundancy in the description and we can look at the states \ip) just as 
useful mathematical tools to perform all the calculations and make all the predictions of 
statistical classical mechanics. Since the coefficients of the superposition (1.4.8) are real 
we have that the operators depending on (p cannot feel the phases just because there is 
no phase at all. 

Another possible way out is to identify the observables with all the Hermitian op- 
erators of the theory. With this assumption also the operators A and their Hermitian 
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functions become observables. Now we cannot say anymore that (p commute with all 
the observables since [(J? a ,A{,] = i6%. As a consequence the superselection mechanism 
is not triggered and a coherent superposition, even with complex coefficients, of the 
eigenstates \<p) can be prepared by diagonalizing a complete set of commuting operators. 
This is the solution that also Koopman and von Neumann must have had in mind in 
their original papers when they postulated that the elements of their Hilbert space were 
square integrable and complex functions, like in QM 5 . This is also the solution that we 
have implicitly adopted in the first sections of this thesis. Such a theory is a gener- 
alization of standard CM since it contains a much larger set of observables. It would 
be interesting to understand the physical meaning of the extra observables depending 
on A. One of these observables is the Liouvillian L = \ a u) ab di,H and we know that its 
spectrum (which, being L an observable, could be measured) gives us information on 
such properties as the ergodicity of the system. It is well-known in fact [24] that if the 
zero eigenvalue of L is non degenerate then the system is ergodic. Anyhow we could 
get the same information on the ergodicity of the system using only the Hamiltonian 
H(ip) and the correlations of (p at different times, with no need of L. Other quantities 
involving the variables A were studied in Ref. [25] where the correlation functions of A 
and (p at different times were related with the so-called response functions [26] of the 
system. Also in this case, anyhow, the correlations between A and (p could be calculated 
(via the fluctuation-dissipation theorem) using only correlations among the variables (p 
at different times. This implies that the operators <p, being at different times, superselect 
different Hilbert eigenspaces. Nevertheless all these phenomena of CM can be explained 
via the incoherent superposition of states given by the mixed density matrix p of (1.4.6). 
Anyhow in principle there could be phenomena which need coherent superpositions of 
states like the one given in (1.4.3). These phenomena would measure the relative phases 
of such states by means of Hermitian operators of A and (p. For sure these operators are 
not among those which have been studied in the literature (like the Liouville operators or 
the \-(p correlations of the response functions). Of course there are many other operators 
which have not been considered and they may be of some importance when we explore 
that tricky region which is at the interface between classical and quantum mechanics. 
This region is described neither by CM nor by QM and it may be the region where 
"classical" coherence phenomena described by the state (1.4.3) and by observables of A 
and (p emerge. That regime would then be the realm of the KvN theory. This is just a 
hypothesis. To conclude this section we can say that the KvN theory is a generalization 
of CM once we admit among the observables also the Hermitian operators containing A. 
It reduces to CM if we restrict the observables to be only the Hermitian operators made 
out of (p. Using the arguments explained above via the superselection principle these 
last observables could never detect the relative phases contained in the state (1.4.3) as 
we explained above. 

If the reader is not convinced of this we will work out in detail in the next section 
the classical analog of the two-slit experiment. In this case the observables that we will 
measure are only functions of <p and we will observe no interference at all. 



We note that the first paper on superselection rules made its appearance only in 1952 [23], more or 
less twenty years after KvN's papers. 
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1.5 Two- Slit Experiment 

In QM phases play a crucial role in producing the interference effects which characterize 
the two-slit experiment. The mystery of this kind of experiments is best summarized in 
these words of Feynman [27]: "The question is, how does [the two-slit experiment] really 
work? What machinery is actually producing this thing? Nobody knows any machinery. 
The mathematics can be made more precise; you can mention that they are complex 
numbers, and a couple of other minor points which have nothing to do with the main 
idea. But the deep mystery is what I have described, and no one can go any deeper 
today". As Feynman mentions in the lines above one could think that the interference 
effects are there because of the complex nature of the wave functions. Then it is natural 
to check what happens in the classical KvN case where we deal with a Hilbert space of 
complex, square integrable functions. We will actually show that, despite the complex 
nature of these KvN waves, interference effects do not appear. This confirms, as Feynman 
suspected, that the mystery of QM is deeper than that. 

If we want to describe a classical two-slit experiment we have to deal with a problem 
in two dimensions. Let us call y the axis along which our beam propagates and x the 
orthogonal axis. We suppose that y = is the starting coordinate of our beam. The 
centers of the two slits Ai and A2 are placed respectively at x A and — x A on a first plate 
which has coordinate y F along the y axis. The final screen is placed at y s like in the 
figure below: 



-XA 



1 



t A 2 

Vf 



T 



ys 



To simplify the problem we will make the assumption that the motion of the particles 
along the y direction is known precisely. This means that at the initial time we know 
with absolute precision the position and the momentum of the particles along that axis, 
for example y(0) = 0, p y (0) = p y . With this prescription we are sure that the beam 
will arrive at the two slits after a time t F = y F m/p y and at the final screen after a 
time t s = y s m/p y . In this way we can concentrate ourselves only on the behaviour of 
the particles along the x-axis and the two-slit experiment becomes a problem in one 
dimension. Let us consider, along x, a double Gaussian with an arbitrary phase factor 
G(x,p x ): 

1 



i>(x,p x ,t = 0) 



=cxp 



(1.5.1) 



We assume a and b sufficiently large, i.e. the initial classical KvN wave sufficiently 
spread, in order to allow the beam to arrive at both slits. The evolution of the wave 
function is via the free kernel of propagation (1.2.14) up to the time t F = y F m/p y , when 
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the beam arrives at the first plate. The KvN wave at the time t F is given by: 



ip{x,p x ,t F ) 



'nab 



exp 



1 

2a? 



X 



VxVf 

P°y 



Pi ,. n ( VxVf 



(1.5.2) 



If the width of the two slits is 25 then the particles which at time t F are outside the two 
intervals Ai = (x A — 5, x A + 5) and A2 = (— x A — 5, —x A + 5) are absorbed by the first 
plate and they do not arrive at the final screen at all. Using Feynman's words again: 
"All particles which miss the slitfsj are captured and removed from the experiment [28]". 
Therefore the KvN wave just after t F can be rewritten, using a series of #-Heavyside 
functions, in the following compact way: 



4>(x,p x ,t F + e) = N ip(x,p x ,t F ) [Ci(x) + C 2 {x)\ 



(1.5.3) 



where C\{x) = 0(x — x A + 5) — 9(x — x A — 5) is the function that parameterizes the slit Ai, 
C 2 (x) = 8(x + x A + 5) — 9(x + x A — 5) is the one that parameterizes the slit A2 and N is a 

suitable normalization factor chosen in such a way that: W x, P „t r + e )f = 1. 

Beyond the slits we propagate the ip of (1.5.3). With our choice of the cut-off functions 
C\ and C 2 , at t F + e the KvN wave ip is different from only if x € Ai or x G A2. 
Since there is no limitation in the momentum along the x-axis we expect that the ip will 
spread along x and it will become different from zero also outside the intervals Ai and 
A 2 . 

Using the kernel of evolution for free particles (1.2.14) we can obtain from (1.5.3) the 
KvN wave at time t s 



y s m/py, when the beam arrives at the final screen: 



ip(x,p x ,t s ) = N ■ exp 



1 

2a^ 



x 



PxVs 



2b 2 



•exp 



iG x 



VxVs 
n iP x 

Pi 



■{Ci(x - ap x ) + C 2 (x - ap x )} 



(1.5.4) 



where a = (y s — y F )/py. The probability density of finding a particle in a certain point 
x on the last screen is: 

poo 

12 (1.5.5) 



/oo 
dp x \il>(x,p x ,t s )\' 
-00 



We have to integrate over p x because we are interested in the number of particles arriving 
at the final plate, independently of their momentum. At this point we notice a first 
important property: even starting from an initial KvN wave with an arbitrary phase 
factor G(x,p x ), at time t s we have for the entire KvN wave the following common phase 

PxVs 



factor: G\ x 



p x I , see (1.5.4). So G will disappear completely from the modulus 



P°y _ 

square of the KvN wave and, consequently, from the probability density P(x) of (1.5.5). 

Therefore the phase G of the initial wave function (1.5.1) do not have any observable 

consequence for the figure on the final screen. 

The second important thing to notice is that, because of the properties of the 6- 

functions, we have that the cut-off term C\ + C 2 in (1.5.4) is idempotent: 



(Ci + C 2 ) 2 = Ci + c 2 . 



(1.5.6) 
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Therefore we can rewrite (1.5.5) as: 

P{x) = / dp x \ip(x,p x ,t s )\ 2 



(1.5.7) 



j — i 



dp x 



F 2 (x,p x ,t s )C 1 (x - ap x ) + F 2 (x,p x ,t s )C 2 (x - ap x 



where N is a normalization factor and F is given by: 



F(x,p x ,t s ) = exp 



1 



x — 



PxVs 
P y 



2b 2 



(1.5.8) 



Let us now re-arrange the arguments inside the ^-functions appearing in C\ and Ci 
as follows: 



Ci(x - ap x ) = 0[-p x + 
C 2 {x - ap x ) = 9[ -p x + 



x — x A + 5 
a 

x + x A + 5 
a 



0[ -p x + 



x — x , 



-f ~Px + 



a 
x + 



a 



(1.5.9) 



For the properties of the 0-Heavyside functions it is easy to realize that when p x is not 



in the interval: D\ 



x — x A — 5 x — x A + 5 



or in D2 



x + x A — 5 x + x A + 5 



a a 

there is no contribution to the modulus square. Therefore the final plot P{x) given by 
(1.5.7) can be written as: 



P(x) = N 



/ d Px F 2 (x,p x ,t s )+ d Px F 2 (x, Px ,t s ) (1.5.10) 



where F is the function of (1.5.8). 

Now let us keep open only the first slit Ai and repeat the previous steps. We can 
propagate the initial KvN wave (1.5.1) up to the time t F when the system is again 
described by the ip(x,p x ,t F ) of (1.5.2). The difference is that now only the first slit Ai is 
open and so the second cut-off function C2 is identically zero. C\ itself is an idempotent 
function and therefore we can repeat the steps (1.5.3)-(1.5.10), as before, freezing C2 to 
zero everywhere. The final result for the probability on the last screen is: 



P{x) = K f d Px F 2 (x,p x ,t s ) 



(1.5.11) 



where F is given, as usual, by (1.5.8) and K is the normalization factor. In the same 
manner, keeping open only the slit A2, we will obtain that: 



P(x) = K [ d Px F 2 {x,p x ,t s ). 
Jd 2 



(1.5.12) 



So, comparing (1.5.10) with (1.5.11)-(1.5.12), it is clear that when we keep open both 
slits Ai + A2 the total probability is the sum of the probabilities we have when we keep 
open first the slit Ai and then the slit A2. The first integral in (1.5.10) is then the 
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Fig. 1.1: Classical Two-Slit Experiment. 

probability for the particle to pass through the slit Ai, while the second integral is the 
probability to pass through the slit A2. So, even if we start from complex functions in 
the classical Hilbert space, every interference effect disappears. This is very clear from 
Fig. 1.1 which shows the plot of the P{x) of (1.5.10) with the particular numerical 
values y s /py = 2, a = b = l,x A = 1, 5 = 0.1. 

Now we want to perform the same exercise at the quantum level and compare it with 
the previous classical experiment. In order to get an analytic result we will assume that 
the motion along y is the same classical motion analysed before. The reason for this 
assumption is that otherwise we would not be able to determine the times tp and t§ 
when the wave function arrives on the two plates. Along x instead we will assume that 
the motion is fully quantum mechanical. This will be sufficient to see the difference with 
the purely classical case we have analysed before and to create interference phenomena. 

In our approach we assume that at beginning the system along the y-axis is described 
by a double Dirac delta 5(y)5(p y — p®) evolving in time with the Liouvillian. In this way 
we know that the time the particles arrive at the two slits is exactly the same as before. 
Along the other axis, x, we consider instead an initial wave function given by: 




1 / x 2 \ 



(1.5.13) 



With this choice at the beginning the mean value of both x and p x is zero as in the 
classical case described by (1.5.1). Making the above wave function evolve in time via 
the quantum Schrodinger operator, at time t F we obtain: 

„2 



ip{x,t F ) 



ma 



y/n(ma? + iht F ) 



exp 
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mx 



2 ma? + iht I 



(1.5.14) 



30 



1. Koopman-von Neumann Waves 



Let us parameterize the two slits via the same #-Heavyside functions we have used in 
the classical case: 

d(x) = 8(x-x A + 5)-9(x-x A -5), C 2 (x) = 9(x + x A + 5) - 6(x + x A - 5). (1.5.15) 
Just after the two slits we have that: 



Y>(x, t F + e) = N ■ exp 



1 



mx 



2 ma? + iht[ 



[C 1 (x) + C 2 (x)]. 



(1.5.16) 



Using now the kernel of propagation for a quantum free particle [28] which is given by: 



K(x b ,t b \x a ,t a ) 



2irih(t b - t a ) 
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we get that at time t s the wave function is: 



ll>(x,tg)=N 1 



/+oo 
-oo 



dx F exp 



mx. 



im{x — x F ) 2 

2h(t s - tp) ~2(ma 2 + iht F )_ 



[C 1 (x F ) + C 2 (xp)] 

(1.5.18) 



where N\ is a new normalization constant. Differently from the classical case, the 
quantum kernel of propagation is not a simple Dirac delta and the previous integral 
cannot be done explicitly. Anyway we can employ the properties of the ^-functions in 
order to rewrite (1.5.18) as: 
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XA+S , \im(x - x F ) 2 

dx F exp — — - k — - 

x g I 2n{t s — tp) 2{ma z + iht F ) 
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mx. 



XA+S , \im(x - x F ) 2 

ax F exp — — k — - 

- XA -g I 2n(t s — tp) 2(ma z + iht F ) 



(1.5.19) 



In (1.5.19) we have two integrals of the same function over two different intervals Ai = 
(x A — 5, x A + 5) and A2 = (— x A — 5, — x A +8). The results will be two complex numbers ipi 
and ip2 with different phases. So, differently from the classical case (1.5.4), the quantum 
wave function on the final screen ip(x,t s ) has not a common phase factor and so the 
relative phases of tpi and 4 } 2 will play a crucial role in giving interference effects. In fact 
if we re- write the final wave function as: 

^(x,t s ) = N 1 [Mx,t s ) + Mx,t s )] (1.5.20) 

the probability on the last screen is given by the modulus square of ip(x, t s ): 

P(x, t s ) = |Vi(x, t s )| 2 + \ih(x, t s )\ 2 + 1>*{x, t s )Mx, t s ) + Mx, t s )r 2 (x, t s ). (1.5.21) 

Note that the last two terms in the previous formula are not identically zero. If we make 
a plot of P(x, t s ) as a function of x we can see the typical quantum figure of interference, 
with a central maximum and a series of secondary maxima. This can be seen from Fig. 
1.2 which is the plot of P(x, t s ) in the case t s = 2,t F = 1, m = a = l,h = 1,5 = 0.1 for 
two different distances of the slits: 2x A = 1 and 2x A = 2 respectively. We can count six 
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minima in the first case and twelve minima in the second one. This in perfect agreement 
with the well-known relation that the distance Arc between two successive maxima or 
minima in an interference figure is inversely proportional to the distance 2x A between 
the slits. Therefore, even considering a quantum evolution only along the x-axis, the 
quantum wave functions create interference effects and the final result reproduces the 
real experiment. 

Summarizing the results of this section we can say that if we make the evolution along 
the x axis with the Schrodinger Hamiltonian H, even starting from a real wave function, 
like (1.5.13), phases will appear during the evolution in a non trivial way and they will 
contribute to create interference effects. Instead if we make the evolution along x with 
the Liouvillian L, even starting from a complex KvN wave like (1.5.1), the phase will 
appear as a common factor for the entire ip on the final screen, so it will not contribute 
to 1^1 2 and it will not have observable consequences. So we can say that the two different 
behaviours in the classical and in the quantum case are basically due to the different 
forms of the evolution operators. Nevertheless, in order to get a better understanding 
of the role of the evolution and of the crucial differences between classical and QM in 
the two-slit experiment, we want to further simplify our model. In particular we want 
to strip down the previous calculation of all the mathematical details which are not 
necessary in explaining the presence or not of an interference figure on the final screen. 

So let us prepare a real initial quantum wave function reproducing the probability 
distribution of the particles near the two slits. For example let us assume a uniform 
distribution within the two slits: 



tP(x,t = 0) = < 
which implies 



| -1.1 <x< -0.9; 0.9 < x < 1.1 

~ ~ ~ ~ (1.5.22) 

otherwise 



2 _ i.i < x < _o.9; 0.9 < x < 1.1 
p( Xj t = 0) = \ ~ ~ (1.5.23) 

otherwise. 

So at the beginning the distribution of particles along x does not show any interfer- 
ence figure. According to the rules of QM to obtain the probability distribution in the 
momentum space p we have first to perform the Fourier transform of ip(x): 



1 r°° 

^(p,t = 0) = dxip(x,t = 0)e- ipx/h 



1 /*~ - 9 i r 11 

= ^= dxe~ ipx/h + ^= dxe~ ipx/h . (1.5.24) 

V27T?lJ-l.l V27r/lJo.9 

In the RHS of (1.5.24) we have the same complex function, e~ ipx ^ h , integrated over 
two different intervals. This gives two complex functions with two different phases and, 
consequently, it will give a figure with maxima and minima in the momenta distribution 
p(p, t = 0) = \ip(p, t = 0)| 2 . Note that the momenta p enter explicitly into the equations 
of motion of x since x = p/m and this implies that during the time evolution the 
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Fig. 1.3: A simplified version of the two-slit experiment: the figure with maxima and 
minima in p at t = propagates at time t = 1 to the distribution in x creating an 
interference figure. 
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figure with maxima and minima in p is inherited by the coordinates x creating the well- 
known interference effects. This emerges very clearly from Fig. 1.3, where we have put 
h = m = 1 and plot the probability distribution in x at time t = 1. 

The situation is completely different in CM: in fact if the initial KvN wave ^(x,p), for 
the part in x, is given by (1.5.22), then the modulus square of its Fourier transform shows 
again a series of maxima and minima but now this modulus square is the probability 
density in A^. So it is the distribution p(X x ,t = 0) which is identical to the p(p, t = 0) 
of Fig. 1.3. The crucial difference is that in CM the variables X x do not enter the 
equations of x. Therefore the figure with maxima and minima in X x is not inherited by 
x during the motion and so it does not create interference effects on the final screen, 
like it happens in QM. So we can say the following: the formal structure of KvN theory 
and of QM is the same. Just after the first screen we do not have an interference figure 
in x but a distribution well-localized near the two slits. Both in quantum and in CM 
the presence of the slits produces immediately a figure with maxima and minima in the 
distribution of the variables conjugate to x which are p for QM and A^ for CM. Since only 
p (and not X x ) enters the equation of motion of x the figure with maxima and minima 
in the conjugate variable is inherited by x during the motion only in the quantum case 
creating interference effects. This cannot happen in the classical case where there is no 
interference at all on the final plate. 



1.6 Measurements in Quantum and Classical Mechanics 

Another aspect which is worth investigating in order to get a better understanding of 
the differences and the similarities between CM and QM is related with the effect of 
measurements. We know in fact that in QM a measurement disturbs the system and 
modifies the probabilities of the outcomes of subsequent measurements. This disturbance 
is present even if the measurement is a non selective one. We call non selective those 
measurements which are explicitly performed but whose results are not read out. As we 
will see later on in this case the system does not "collapse" on a particular eigenstate 
but on a incoherent superposition of all its possible eigenstates. We want to begin this 
analysis with a very simple but pedagogical exercise [29] : 



1.6.1 Effect of non Selective Measurements in QM 

Let us consider a quantum mechanical system characterized by a Hermitian Hamiltonian 
with eigenvalues E 1 = hia; E 2 = —fria and eigenfunctions |+) and |— ) respectively. Let 
us consider also an observable Q with eigenvectors: 



1 

V2 



l+> + |-> 



|6> = ^ll + > 



-) 



(1.6.1) 



Let us choose the initial state of the system to be the following one: 



\M = h+) + \i^\-)- 



(1.6.2) 
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1) Let us evolve the system up to time t = 2r and calculate the probability of obtaining 
a as result of a measurement of Q. The wave function at time t = 2r is given by: 



hMr) 



e « 



H2t 



+ 



J->e Mwr . 



(1.6.3) 



So, when the system is described by the pure state (1.6.3), the probability of finding 
a as result of a measurement of f2 at time t = 2r is given by 



P P (Q = a\t = 2r) = {^,2r\a) 



1 



1 + 



-cos Alot 



(1.6.4) 



2) Let us now perform at time t = r a non selective measurement (NSM) of the 
observable £1. Are the probabilities at time t = 2r influenced by the fact that we 
have measured fi at time i = r? To answer this question let us consider what 
happens just after the measurement. Because of the postulate of the collapse of 
the wave function and because of the fact that in a NSM we do not read out the 
result of the measurement, the system will be described by a statistical mixture 
of the two eigenstates \a) and \b) of Q where the weights are just the probabilities 
Pair) and Pb(i~) that the results a and b are obtained at time t = r: 



Pm(t) =P a (T)\a){a\ +P b (r)\b)(b\. 



(1.6.5) 



The index M on p is for "mixed" to indicate that p M is a mixed density matrix. 
Now let the system evolve up to time t = 2r. What we obtain is: 



p M (2r) = P (r) |V»o, 2r)<Y> a , 2r\ + P b {r)\^ b , 2r)(Y> 6 , 2r| 



(1.6.6) 



where \ip a , 2r) and 2r) are given by the evolution of the eigenstates \a) and |6) 
from t = t to t = 2t: 



\^ a ,2r) = e-i HT \a 
\^2r)=e-i^\b) = ^=(e-^\+) 



e ^ r |+) + e^ r |-)), 



(1.6.7) 



Let us now calculate the probability of obtaining f2 = a as result of a further 
measurement of $7 at time t = 2r. We have to calculate: 



P M (n = a\t = 2t) = Tr p M (2r)|a)(a| 
whose result is given by 

-cos 2 2u;t^ . 



P M (n = a\t = 2 T ) = -(l + 



(1.6.8) 



(1.6.9) 



Note that the result that we have obtained is different with respect to (1.6.4). 
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So we can conclude this exercise by saying that, if a NSM of is performed at time 
t = t like in the case 2), then the probabilities of the outcomes of itself at time t = 2r 
are modified with respect to the case 1) in which such a measurement is not performed. 
This can be also summarized in the following scheme: 



Initial Wave function \ip,0) 









case 1) 2) NSM of Q 



|V>,2t) p M (2r) 
Outcome 1 for Q ^ Outcome 2 for Q 



1.6.2 Non Selective Measurements of x in QM 

In order to make a more direct comparison between classical and quantum mechanics in 
this subsection we want to analyse what happens in QM when we perform at a certain 
time a non selective measurement of a continuous operator like x. To be as clear as 
possible let us distinguish the following cases: 

a) the case in which we do not perform any measurement of x at time t = 0, we let the 
system evolve and we calculate the probabilities of the outcomes of a measurement 
of x at time t = r. 

b) the case in which we perform a NSM of x at t = and then 

bl) either we perform another measurement (of x or p) just after the first one 
at t = 0+ (we will use the notation + in order to indicate that the second 
measurement is performed again at t = but after the first one) 

b2) or we let the system evolve from t = to a finite t = r and we calculate at 
that time the probabilities of the outcomes of a measurement of x. 

a) Let us start with a quantum wave function 1^,0); performing its evolution up to 
time t = r, we obtain another state \ip,r). Let us then ask ourselves: which is 
the probability density of finding a particle between x' and x' + dx' as result of a 
measurement of x at time t = r? The answer is: 

= |^(x',r)| 2 . (1.6.10) 



Pp(x',t) = Tr \x')(x'\pp(t) 
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The index P stands for "pure" in the sense that the matrix p P {r) = \ip , t) (ip , t\ is 
a pure one. For example if we consider the Gaussian wave function: 



V>(x,0) = 



=exp -—^ + T PiX I. 



the probability density p P (x' ,t) is given by the modulus square of ip(x',T): 



(1.6.11) 



Pp(x',t) = exp 



m 2 a 2 



m 2 a A + /i 2 r 2 



PjT 

m 



(1.6.12) 



i.e. another Gaussian with a well-defined mean value and a finite standard devia- 
tion. 

b) Let us now perform a non selective measurement (NSM) of the quantum position 
x at time t = 0. With the initial wave function \ip,0) the probability of finding the 
system between xq and xq + dxo as result of a measurement is given by 



P(x )dx Q = \ip(x ,0)\ 2 dx . 



(1.6.13) 



Just after the measurement, if its result is not read out, the system is described by 
the statistical mixture 



p M (0+) = / dx \ip(x ,0)\ 2 \xo){xo\ 



instead of the pure one: 



p P (0-) = hM)(^o| 



(1.6.14) 
(1.6.15) 



which described the system just before the measurement. Since now on we will 
use the notation 0_ when we want to indicate that we are at t = but before the 
measurement. The question we want to answer is the following: has the NSM of x 
changed the probability distributions of the observables? 

bl) First of all, without taking into account any time evolution, let us suppose we 
perform a further measurement at t = + . If the observable we measure is again 
the position operator x, than the probability distributions of the outcomes are left 
unchanged. In fact before the measurement done at t = we had the following 
distribution in x: 



p P (x,0-) = Tt \x){x\p P (0-) =ip*{x,0)tp(x,Q) 



Note that it remains the same also after the measurement at t = 0: 



(1.6.16) 



p M (x,0+) = 



Tr 


\x){x\p M (0+) 


Tr 


Pm(0+) 





V*(*,0)V(x,0). 



(1.6.17) 



Let us now look at other observables different from x. The NSM of x at t = 
modifies immediately the probability density of finding a particular outcome in a 
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measurement of p for example at time t = 0+. In fact before the NSM of x at time 
t = the distribution in the momentum space was given by: 



Pp(p,0- 



Tr 



\p)(p\pp(P- 



V> (p,o)^(p,o). 



(1.6.18) 



So, for example, if we consider as initial wave function the Gaussian ifj(x,0) of 
(1.6.11), its Fourier transform ip(p,0) will be another Gaussian with a well-defined 
mean value p = pi and a finite standard deviation. After the non selective mea- 
surement of x at t = the distribution probability in p will be given by: 



Pm(p,0+) = 



Tr 


~\p 


(p\pm(o+) 


Tr 


Pm(0+) 





independent of p 



(1.6.19) 



and, if we perform explicitly the calculation, it is easy to realize that this proba- 
bility density is completely independent of the momentum p. This can be easily 
understood also without any kind of calculation: in fact after the measurement 
at t = the system is described by a superposition of the eigenstates |xo) like in 
(1.6.14) but, according to Heisenberg's uncertainty principle, every eigenstate of 
the position |xo) corresponds to a completely uniform probability distribution in 
the momenta. So after the measurement at t = the overall distribution p M (p, 0+) 
of (1.6.19) will be different than the one in (1.6.18): it will be a uniform one, with- 
out any mean value and with an infinite standard deviation. Therefore we can say 
that, without taking into account any time evolution, the NSM of x at the initial 
time has instantaneously modified the probability distributions of the outcomes 6 
of the momenta p. The probability outcomes of the positions, instead, are left 
completely unchanged by the NSM of x. We can now ask ourselves whether this 
property is maintained or not during the evolution. 

b2) So, after the NSM of x at time t = 0, let us perform the evolution of (1.6.14). At 
time t = T the system is described by the following statistical mixture: 



Pm(t) = J dx |V ; (^o,0)| 2 |xo,r)(xo,r| 



(1.6.20) 



where \xq,t) is given by the evolution of the eigenstate \xq) up to time t = r. If 
we use the Schrodinger representation we have that 



(x\xq,t) = / dxjexp 



im , 

— \X Xi 

Tit 



5(xi — xq) = exp 



im 2 
-(x-xo) 



(1.6.21) 



i.e. a pure phase factor. If we calculate the probability density of obtaining x' as 
result of a measurement of the position x at time r we obtain: 



Pm(x',t) = 



Tr 


\x'){x'\p m (t) 


1 


Tr 


Pm{t) 


dx 



(1.6.22) 



6 This phenomenon is the same as the previous quantum experiment of the two slits which had created 
immediately after the screen a figure with maxima and minima in p. 
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Even from the not so well-defined expression above it is easy to understand that 
there is an equal probability of finding the particle in any point of the configuration 
space. Therefore, differently than the p P (x',r) obtained in the case a) in (1.6.12), 
the probability distribution p M (x',r) is uniform. So the NSM of the position x at 
time t = not only has changed immediately the probability distribution of the 
momenta p, as we have analysed in bl), but it has changed also the probability 
distribution of x at any time t > 0. Now the reader may wonder why the probability 
distributions p P (x,t) and p M (x,t) were the same at t = 0, see (1.6.16)-(1.6.17), but 
they are different at any time t > 0. The explanation is that during the evolution, 
which is given by x = p and couples x with p, the distributions in x are influenced by 
the initial distributions in p which, as shown in (1.6.18) and (1.6.19), are different 
in the two cases in which we perform (case b)) or not perform (case a)) the NSM of 
x at t = 0. Again the situation is similar to the one of the two-slit experiment: the 
NSM of x influences immediately the distribution of probability of the conjugate 
variable p. Next, since the momenta p enter explicitly the equations of the positions 
x, the changes in the distributions of p are inherited by all the distributions of the 
positions at any instant of time t > 0. 



1.6.3 Non Selective Measurements of (p in CM 

Let us now analyse the case of a non selective measurement of <p in KvN approach to 
CM. From a formal point of view the situation is the same as in QM with the following 
substitutions: x — ► (p, p — ► A. Therefore we can consider the same three case analysed 
before: 



a) Let us consider an initial pure state 

p P (0_) = hM>(V,0|. (1.6.23) 

Then we let the system evolve up to time t = r and at that time we perform a 
measurement of <p. The probability density of the possible outcomes <p' is given 
by: 

p P {<p',r) = Tr[\^)( l p'\p P (r)] = \^',r)\ 2 . (1.6.24) 

For example if we consider the Gaussian wave function (1.2.9) we obtain that at 
time t = t also p P (<p' , r) is a Gaussian with the following mean values and standard 
deviations: 



b) Let us now suppose instead that we perform a simultaneous measurement at t = 
of the positions and the momenta, i.e. a measurement of <p, without reading the 
result. Like in QM also in the KvN theory there is the "postulate" that after a 
measurement the system collapses in the eigenstate associated to the eigenvalue 
that we get. In fact this is not only a typical feature of QM but it is intrinsic 
to any Hilbert space and operator formulation of a theory and to its probabilistic 
interpretation. In particular since the measurement of (p we performed at t = 
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is non selective, just after the measurement the system will be described by an 
incoherent superposition of the eigenstates \<po) where the weights are given by 
\tft(ipo), 0| 2 , which is the probability density associated to that particular outcome: 



Pm(0+) = J d(p \ip((po, 0)\ 2 \(p )((p \. 



(1.6.26) 



bl) Now, as in QM, it is easy to prove that if, without taking into account the time 
evolution, at time t = 0+ we perform another measurement of (p the probability 
distributions of the outcomes are left unchanged by the initial NSM since: 



(1.6.27) 



The situation changes if, instead, we perform a measurement of the conjugate 
operator A. In this case, before the NSM of (p at time t = 0, the probability 
distribution was: 



Tr 


\(p){(p\p M (0+) 


Tr 


MMPp(O-) 


Tr 


Pm(0+) 


Tr 


Pp(O-) 





Pp(A,0_) 



Tr 


|A)<A|j5p(0 


-)" 


Tr 


Pp(O-) 





= Y>*(A,0)Y>(A,0). 



(1.6.28) 



If tp(<p, 0) were given by the double Gaussian of Eq. (1.2.9) then it is easy to prove 
that also p P (X, 0_) would be a double Gaussian with well-defined mean values and 
finite standard deviations. After the NSM of (p the probability distribution in A is 
given by: 



Pm(A,0 h 



Tr 


|A)(A|p M (0 + / 


Tr 


Pm(0+) 





1.6.29) 



which again is a uniform probability distribution; this is consistent with the fact 
that a superposition of the eigenstates \ipo) must correspond to a situation of 
total ignorance for what concerns the variable A. It is important to underline 
that these considerations are completely independent of the kernel of evolution: 
the measurement of (p changes immediately the probability distribution in the 
conjugate variables A. The same phenomenon happens both in classical and in 
quantum mechanics, even if they have different kernel of evolutions: we have only 
to replace x with ip and p with A in going from QM to CM. 

b2) What we want to prove now is that, differently from what happens in QM, the 
probability distributions in ip do not change (with respect to the case a) in which 
no measurement was done at t = 0) not only at t = 0+ but also at any later time 
t > 0. Performing the evolution of the statistical mixture (1.6.26), we get at time 
t = t: 

Pm(t) = / d(p \ip((po,0)\ 2 \(po,T)((po,T\. (1.6.30) 



(1.6.31) 



If the system we are considering is a free point particle then we have: 

|¥>o,t) = \qo+PoT/m,po). 
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Once we represent the previous equation on (<p\ we obtain that in CM a Dirac delta 
in ip remains a Dirac delta in ip and it does not become a pure phase factor as in 
the quantum case (1.6.21). Consequently the probability density of finding p' as 
result of a further measurement of (p at time t = r is given by: 

Pm (<p',t) = Ti\y){p'\p M {T)\ hi\p M {T) 



j dpo\ip{ipQ,ti)\ 2 5{q' - q -poT/m,p f - p ) 
\iP(q' -p>T/m,p',0)\ 2 . 



(1.6.32) 



The previous expression is just the modulus square of the evolution of the initial 
tp((p',0) up to time t = r. This tells us that, differently than in QM, the probability 
densities of the outcomes of (p are left unchanged by the NSM of (p not only at time 
t = 0+ but also at any later time t > 0. In fact (1.6.32) is the same distribution as 
if the measurement at t = were not done. The reason for this is that in CM the 
equations of motion of ip depend only on ip and not on A: 



ip a = 0J ab 



dH 



(1.6.33) 



Therefore at every time t > the probability distributions in ip will not feel A and, 
as a consequence, will not feel that the probability distributions in A were affected 
by the measurement at t = 0. So we can say that the effect on A of the NSM of (p 
is not inherited by ip both at t = and at t > 0. 



What we have done in the last two subsections can be summarized in the following 
scheme: 



Quantum Non Selective Measurement of x: 



Initial Quantum Wave Function 



ip(x,0) NSM^p M (0) 



case a) 



ij)(x,T) 
Outcome 1 for x 



case b2) 



Pm(t) 
Outcome 2 for x 
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Classical Non Selective Measurement of (p: 



Initial Koopman-von Neumann Function 



^(y,0) NSM^p M (0) 



case a) 



Outcome 1 for (p 



case b2) 



Pm(t) 
Outcome 2 for tp 



We can conclude this section by saying that NSM of (p in CM do not disturb the 
probability distributions of ip either immediately after the measurement or after a long 
time differently than what happens in QM for x. All other features instead, like the 
disturbance on the conjugate variables, are very similar both in CM and QM. 



2. Coupling with a Gauge Field 



In classical electrodynamics the vector and scalar potentials were first intro- 
duced as a convenient mathematical aid for calculating the fields. It is true 
that in order to obtain a classical canonical formalism, the potentials are 
needed. Nevertheless, the fundamental equations of motion can always be 
expressed directly in terms of the fields alone. In the quantum mechanics, 
however, the canonical formalism is necessary, and as a result, the potentials 
cannot be eliminated from the basic equations. 

-Y. Aharonov and D. Bohm, 1959. 

In the previous chapter we have introduced the KvN operatorial approach to CM and 
studied the similarities and differences with QM especially at the level of the role played 
by the phases. The phases actually play a role also in another context that is the one 
where a gauge field is present. A typical example of the interplay between phases and 
gauge fields is the Aharonov-Bohm phenomenon [30]. In this chapter we will perform this 
analysis for the KvN formulation of CM. First we will show how to implement the analog 
of the minimal coupling rules at the KvN level, and we will analyse in which manner 
the associated gauge invariance makes its appearance in the Hilbert space formulation of 
CM. As an application we will study the Landau problem showing that there are some 
extra degeneracies present in the classical KvN case with respect to the quantum one. 
Next we will construct the KvN analog of the Aharonov-Bohm (AB) set-up. While in 
QM the AB effect manifests itself on the spectrum of the Schrodinger Hamiltonian, we 
will prove that nothing similar appears in the spectrum of the Liouville operator in the 
classical KvN case. The work present in these pages is based on paper [8] where the 
reader can find further details of the calculations. 



2.1 Minimal Coupling Rules for the Liouvillian L 

In QM there is a simple rule to couple a gauge field A with the point particle degrees of 
freedom, the so-called "minimal coupling" (MC) rule [7] [31]: 



2.1 Minimal Coupling Rules for the Liouvillian L 
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According to this rule, in order to get the interaction of the particle with the gauge field, 

it is enough to replace the momentum p with p A in the Hamiltonian H (q, p) and 

then replace p and A with the associated operators. In this section we want to find 
out the MC rules which transform the free Liouvillian L into the one with a gauge field 
interaction L A . 

Let us start by analysing a particle moving under a constant magnetic field directed 
along z. The gauge field in this case can be chosen as: 



r a x 





Bx 



(2.1.2) 



A z = 



where B is the modulus of the magnetic field. Using the associated MC rule (2.1.1): 



Py 



eB 

Py X 



(2.1.3) 



the Hamiltonian becomes: 



p 2 1 
2m 2m 



eB 



+ 



2m 



Inserting this Hamiltonian into the abstract Liouvillian (1.1.29) we obtain: 



L, 



m 



XxPx H \ I Py 



m 

1 . 1 

= — *xPx H 

m m 



— x H \ z p z - A 



m 



Ay H Ar 



eB 



Py 



dH 
Px ~dx~ 
1 



x H X z Pz 



m 



L = —X x p x + —XyPy + —XzPz 

m m m 



(2.1.4) 



(2.1.5) 



If we compare this Liouville operator with the free one which is: 

(2.1.6) 

then we see that the substitutions to go from (2.1.6) to (2.1.5) are the following ones: 



Py 

A,, 



eB 

Py-—X 

. eB 

Ay + —X P X- 



(2.1.7) 



These are the MC rules for the Liouville operator in the case of a constant magnetic field. 
They can be put in a compact form using the concept of superfield (1.1.30)-(1.1.31). In 
fact let us take the MC rules in the standard phase space M for a constant magnetic 
field (2.1.2) and replace (p with the superfields. This means the following: 



Py 

I 



Py BX 



$Py B§ x . 

c 



(2.1.8) 
(2.1.9) 
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Expanding (2.1.9) in 0,9 and using (1.1.30)-(1.1.31) we get 

eB 

Py-ieex y — ► p y -m\ y - — (x + ieex Px ). (2.1.10) 

If we compare the terms with an equal number of and 9 then (2.1.10) reproduces 
exactly the substitution rules (2.1.7) for the minimal coupling in the enlarged space M. 
So the superfield formalism provides a compact way (2.1.9) to write the double MC rules 
(2.1.7). 

Let us now check if this compact way of writing MC rules via superfields is an acci- 
dent of the case of a constant magnetic field or if it holds in general. Via (2.1.1) the 
Hamiltonian H of a particle in interaction with a generic magnetic field is: 

1 ( / \ 2 / \ 2 / \ 2 

1/ e,\ / e . \ / e 



The associated abstract Liouvillian of (1.1.29) is then: 

L A = — (p x - -A x ) +—[Py- -Ay) +—(Pz- -AA 
m \ c J m \ c J m \ c J 

dH dH _ dH _ 

p *~dx~ P »~&J Pz ~dl~ 

1 /\ , e dA x , e dA x , edA x \f e \ 

1 / e cL4 y e <9A y e cM y \ / e 

+ - \*v + + X Py~^- + " "A, 

1/ , e<9A 2 , edA z , e<9AA / e „ 
+ m + Px 'c~dx +X ^c^i + ~c~~dz ) [ P * ~ c Az 

If we define 

we can rewrite the Liouvillian in the following compact way: 

L *=k s ( A .-H( p --;4 (2 - Li4) 

This last expression can be obtained from the Liouvillian L of the free particle 



L = - V Ajpj (2.1.15) 

via the substitutions: 



m 



Pi — > Pi - -Ai 



c 



i = {x,y,z}. (2.1.16) 
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These are the MC rules for the Liouvillian L in a generic magnetic field and they repro- 
duce (2.1.7) in the case of the constant magnetic field (2.1.2). We can note that (2.1.16) 
can be derived from the superfield generalization of the standard MC rules in the phase 
space M, i.e.: 

Pi — ► Pi - -Ai(q) 

c 

I I 

In fact, expanding (2.1.18) in 9 and 9, we get: 

Pi - iSeXi — > Pi- i99\i - -^Ai - i99Ai) (2.1.19) 

and, comparing the terms with the same number of 9,9, we obtain just the relations 
(2.1.16). So this proves that (2.1.18) is the most compact and general way to write the 
MC rules for the Liouvillian L. 



(2.1.17) 
(2.1.18) 



2.2 Gauge Invariance in KvN Approach 

In the previous section we have seen that in the MC rules for the Liouvillian also the Aj 
should be changed when we turn on the magnetic field. To understand the reason of this 
we have to analyse the issue of the gauge invariance of the system. First of all we want 
to see what happens in the usual phase space Ai. Let us remember that the Lagrangian 
associated to the Hamiltonian H of (2.1.11) is: 



1 e 

£ = - m {x 2 + ij 2 + i 2 ) + -{±A X + yA y + zA z ) 
£ c 



(2.2.1) 



where 



x 



c = —{Px- -A x ) 
m c 

1 / e A \ 
y = —{Py- Z A y) 



m 
1 



c 
e 



(2.2.2) 



z = — (Pz ~ -A z ). 

m c 



The velocities appearing above are measurable quantities and so they must be gauge 
invariant. Since Ai transform under a gauge transformation as A\ = Ai + dia(q) where 
a(q) is an arbitrary function of q, the momenta pi must transform as 



Pi 



P'i 



Pi + -dia(q). 



(2.2.3) 



The Hamiltonian H is a combination of gauge invariant quantities like pi Ai and so 

c 

it is gauge invariant. Since H is basically the energy of the system its gauge invariance 
is crucial. 
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Let us now go to the enlarged space M and let us ask ourselves how the variables 
A should change under a gauge transformation. If we adopt the same trick (2.1.18) we 
used to write the MC rules for the Liouvillian L, we have that the superfield analog of 
the gauge transformations in M. should be 

$Pi _^ $f» + ^ (2.2.4) 

and 

M* q ) — M* q ) + (2.2.5) 

Expanding (2.2.4) in 9,9 and equating the terms with the same number of 9,9 we get 
(2.2.3) and the following gauge transformation for A^: 

A, — \' i = \ i -- c \ Pj d j d i a{q). (2.2.6) 

Similarly from (2.2.5) we get the usual transformation A\ = Ai + d{a and the following 
one: 

A'i = Ai + d,a{q, Ap) (2.2.7) 

where 

a(q,X p ) = - £ X Pj ^. (2.2.8) 



It is then easy to see that the combinations Aj Ai which enter the Liouvillian (2.1.14) 

c 

are gauge invariant if we gauge transform Aj as in (2.2.6) and Ai as in (2.2.7). Of course 
all this is very formal and it is a consequence of the extension of the standard gauge 
transformations via the superfields. We can ask ourselves: while H, which is the energy, 
must be gauge invariant which is the reason why the Liouvillian L A should be gauge 
invariant? Equivalently, while Pi should change under a gauge transformation like in 
(2.2.3) in order to make the velocities (2.2.2) gauge invariant, which is the reason why \ 
should change under a gauge transformation as in (2.2.6)? Actually there is a physical 
reason and it is the following. As the velocities (2.2.2) are gauge invariant then their 
evolution has to be gauge invariant too. The evolution can occur via the Hamiltonian 
H and the standard Poisson brackets {ip a ,ip b } = uo ab or via the Liouvillian L A and the 
extended Poisson brackets (1.1.20). For example the gauge invariant velocity 

v x = - (p x - -A x ) (2.2.9) 
m \ c J 

evolves via the extended Poisson brackets according to the following equation: 

v x = {v x ,L A } epb = —(B z Vy - B y v z ). (2.2.10) 

If we use a different gauge but we transform only the gauge fields A{ and the momenta 
Pi, and not the variables Aj, we get the following new Liouvillian L A : 



Z = i £ ( A '-H(" ; -H' (2 ' 2 ' n) 

i= {x,y.z} 
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The evolution of the velocity v x , via the gauge transformed L' A , would turned out to be: 

v x = {v x , L' A } epb = —(B z v y - B y v z ) + — [(pla)v x + (d y d x a)v y + {d z d x a)v z }. (2.2.12) 

So we notice that the evolution is not anymore gauge invariant because it depends on the 
gauge parameters a which appear on the RHS of (2.2.12). This is absurd because the 
velocities are gauge invariant quantities and this gauge invariance has to be maintained 
by the evolution. The lack of gauge invariance in the evolution of the velocities is the price 
we would pay by not allowing A« to change under gauge transformations or, equivalently, 
by not imposing on A the MC rules (2.1.16). 

Up to now in this chapter we have regarded the Liouvillian L A as a function which 
generates the evolution via some suitable extended Poisson brackets. We want now to 
analyse the same issue of gauge invariance when we turn L A into an operator L A like in 
(1.1.33). Let us first briefly review what happens in going from CM in the phase space to 
ordinary QM [7] [31]. In the standard CM the gauge transformations leave the positions 
q invariant but change the momenta p as 

p>=p l + %a(q). (2.2.13) 

As a consequence the Poisson brackets are left invariant by these transformations: 
{q> p} = {<!) P'} = I- So when we quantize the gauge transformed variables we ob- 
tain: 

{q,p'} = I — [q,p']=i/£ (2.2.14) 

This implies that pj can be realized operatorially like the original momenta pj, i.e. 
Pj = —ihdj. Therefore when we perform a gauge transformation we get that only the 

gauge fields Aj have to be changed inside the quantum Hamiltonian H A : 



s * = i E (-'4 - I s ') - = i E ->4 - !m* + w 



2m ^ V dj c J I A 2m 



1 2 



dj c 

(2.2.15) 

It is easy to check that one can pass from H A to H' A via the following unitary transfor- 
mation: 

H' A = UH A U- 1 , U = exp^ij:a(^. (2.2.16) 

So the quantum Hamiltonian H A is not gauge invariant, but nevertheless the expectation 
values of all the measurable quantities are gauge invariant. This is due to the fact that, 
if H A transforms as (2.2.16), then also the states have to be changed according to: 

= => 4>'(q) = exp^afc/) W) (2-2.17) 

which is the usual gauge transformation by a phase. We can notice that the expectation 
values of (V ;/ |F/|V' / ) an d (V'lPilV') are related exactly as the classical momenta in (2.2.13), 
i.e.: 

( 1 p'\p^ > ) = (m\^) + - c d l a(q). (2.2.18) 
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Let us now turn to the KvN operatorial theory and check how the gauge transforma- 
tions can be implemented. At the operatorial level we have to construct everything in 
order to satisfy the gauge invariance of the following expectation values: 



- -Ai\ 



(tp\Xi - -Ai\ 



(2.2.19) 



Let us start by noticing that the commutation relations [cp a , Xb] = i5 b are the operatorial 
counterpart of the extended Poisson brackets {(p a , Xb} ep b = and the gauge transformed 
coordinates ip fa , X' b given by (2.2.3) and (2.2.6) have the same epb {ip' a ,X' b } ep b = 5% as 
the original variables. So we expect that also the associated commutators among the 
gauge transformed operators would be the same as the original ones: [^' a ,A^] = i5 b . 
This means that we can represent (p ,a and A^ in the same manner as (p a and A&. As a 
consequence the gauge transformed expectation values of (2.2.19) are: 

W\pi - -A t - -[d ia ](qW), <V/|A; - -At ~ -[dia](q, A P )|Y/). (2.2.20) 
c c c c 



Note that, via the introduction of the operator 



U = exp j - i-X Pj [djo\(q) 
we can write the following transformations: 



(2.2.21) 



p i -- c A i -- c [d i a](q) = U 



Pi - -A 

c 



u- 1 



^ 6 6 --- — - 

Ai - -Ai - -[dia}(q, X p ) = U 



Xi 



(2.2.22) 



u- 



This implies that (2.2.20) are gauge invariant provided we transform also the states with 
the operator U: 

' ' ' (2.2.23) 



\i;')=U\ij)=exp\-i-X Pj [d J a](q) 



Let us now represent this transformation law on the two basis given by (1.3.1) and 
(1.3.10). In the (q,p\ basis we obtain: 



i/(q,p) = (q,pW)= j dq'dX' p (q,p\q',X p )(q',X' p \U\iP) 

l p ] X> Pj +i-a{q,X' p \{q,X' p \^). (2.2.24) 



dXL 



exp 



where in the last step we have used (1.3.12). Inserting a further completeness relation 
we get: 



dX' p dq'dp' 



i/j'(q,p) 



V2ir 

dX'dp' 
— - — ( 

2vr 



iPjKj +i-»(q,X'p) 



-I 
-I 

= J dp's(p-p' --V^{q,p')=^{q,p-^y<^j. (2.2.25) 



y P] {pj - p'j - -dja) 



(q,X p W,p')W,p' 
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So in the (q,p) representation of the KvN Hilbert space the gauge transformations are 
implemented by just a shift in the argument p of the wave function. 
Now let us represent (2.2.23) in the (q,X p \ basis. We have: 

i>\q,X P ) = (q, X P W) = (q, X p \exp\ -i-X Pj [dja](q) \\4>) = 



(2.2.26) 



exp<^ -i-X p .dja(q) >(q,X 



= exp^i^cxjtjj(q,Xp). 



So in this basis the gauge transformation is just the multiplication by the local phase 
factor a(q, X p ) defined in (2.2.8). 

To end this section we want to prove that also the Liouville equation i^\i)j,t) = 

L A \tp,t) is invariant under the gauge transformations. As we have seen in (2.2.23) the 
gauge transformation on the ket is: 



W,t) = u\ii>,t) 



(2.2.27) 



where U is given by (2.2.21). To prove the gauge invariance of the Liouville equation we 
have to prove that the state \tp',t) satisfies the following equation: 



ij t W,t)=L' A W,t). 



L' A is the gauge transformed Liouvillian: 



m 



L' A = -[Xi + -Xp.dkA'M U- - -m) ~ eXpAt'iq) 



where we have introduced also the gauge transformed scalar potential 
Let us evaluate the LHS of (2.2.28): 



(2.2.28) 



(2.2.29) 

1 da 
~ c~dt' 



d 



dt L 

e da 

~c~dl 



U(t) 



\^,t)+iU(t)^,t) 



(2.2.30) 



U\1>,t) + UL A \1>,t) 



e da 
c~dt 



\^',t) + UL A U- 1 \^,t) 



The explicit expression for UL A U is: 



UL^- 1 = ^(x- + ^X'pAMq'fj ^ - - c Aitf)) ~ eX' P A^) ( 2 - 2 - 31 ) 



where 



A- = UXiU 1 = Xi + -X Pk d k dia( 
fii = UpiU' 1 =Pi- ^dia{q) 

q 



UqU- 1 



(2.2.32) 
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Remembering that 



we can rewrite (2.2.31) as 



( A' i = Ai + dia 

v v cdt 



(2.2.33) 



UL A U~ l = 



1 



rn 



( 



X i + -\ k dkdiOi{q) + -X Pk d k Ai(q)J ■ 
Pi dia(q) Ai(q) 



c 



e\ Pi di<, 



+ 



m 

e d ^ 

= L ' + -c3i a - 



1 da' 
~dt. 



Inserting this result into (2.2.30) we obtain: 



d 



i-W,t)=L' A W,t) 



(2.2.34) 



(2.2.35) 



which is just what we wanted to prove. 



2.3 Landau Problem 



In this section, as a first application of the MC scheme in the KvN formalism, we will 
analyse the Landau problem. First of all we want to review it in QM. In the Landau 
problem the main goal is to find the spectrum of a particle under a constant magnetic 
field directed along z. We make the usual choice (2.1.2) for the gauge potential: 



A x 0, I-i-y 

The Schrodinger Hamiltonian is then 

1 



■Ay 



H = 



2m 



I ^ eB _ 
Px + ( Py ~ ~ x 



0. 



+ Pz 



(2.3.1) 



(2.3.2) 



As p y and p z commute with H we can diagonalize all these three operators simultane- 
ously. Then the eigenfunctions will be labeled by the eigenvalues E, p® and p° z of H, p y 
and p z respectively. Their form is: 



V> BlP o iP o(x,y,z) = — exp 



(p° y y+p° z z) 



(2.3.3) 



The stationary eigenvalue problem Hip E p o p o = Eip E p o p o leads to the following differen- 
tial equation for tp(x) 



ib (x) H 

2m v 1 2m 



eBx 



ip(x) 



o 2 
2m ' 



(2.3.4) 
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If we introduce the notation: 

E t = E 



o 2 

vl_ 

2m'' 



eBx 



then (2.3.4) is turned into the following equation: 



h 2 „ , 1 

2m ^ ^ ^ 2m 



eB 



eB 



Et ?/>(*')• 



(2.3.5) 



(2.3.6) 



We immediately notice that this is the equation of the eigenvalue problem for a harmonic 

1 2 



oscillator with the frequency replaced by u = 



c 



eBm 



and the energy replaced by 



eB 



E t 



Therefore this last quantity is discretized like in the harmonic oscillator problem: 

1 2 



eB 



E, 



!i,u ( n + - 



h 



eBm 



(2.3.7) 



Inserting the previous expression into (2.3.5) we get for the energy of the particle in the 
gauge potential (2.3.1) the following values: 



E n,p° z 



ehB 



me 



n + - + — . 
2 / 2m 



(2.3.8) 



So the eigenfunctions (2.3.3) can be labeled by the quantum numbers {n,Py,p z ) but there 
is an infinite degeneracy because all the wave functions with different values of have 
the same energy E n p o . 

Let us now analyse the same problem at the classical level using the operatorial for- 
malism of KvN. With the gauge choice (2.3.1), the Liouvillian (2.1.14) is: 

L A = —X x Px + — ( \ ~ -Ay] (py - -Ay] + — X z p z . (2.3.9) 
m m\ c J \ c J 171 

If we turn L A into an operator L A using the "mixed" representation (1.3.17) then what 
we get is: 



L A 



1 d d 

m dx d\„ 



1 



m 



d eB 



+ — -ijr- + — X p . 



dy 



d 



dX 



eB 
— x + 



Py 



1 d d 

m dz dX„ 



(2.3.10) 



Let us now diagonalize this operator. The reason to do that is because in the KvN theory 
the equation to solve is (1.1.3): idfip = L A ip. So, like for the Schrodinger equation, one 
should first diagonalize the Liouvillian L A 



L A V> £ = £ ip £ 

and then the evolution of a generic wave function is given by: 

m = Y^c s e-^ £ 



(2.3.11) 



(2.3.12) 
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where the C £ are derived from the expansion of the initial wave function ip on the 
eigenstates ip £ . We want to underline that the eigenvalues £ appearing in (2.3.11)- 
(2.3.12) have nothing to do with the physical energy of the system. They are simply the 
possible eigenvalues of the evolution operator L A and, using them and the associated 
eigenf unctions, we can reconstruct the evolution of the ip like it is done in formula 
(2.3.12). 

d d 

Going back to the operator (2.3.10) we can notice that the operators: —i-^—, i^r, — , 

dy d\ Py 

d d 

—i— and i— — commute with L A and so they can be diagonalized simultaneously. In 



8z 



dX 



Pz 



the (q, \ p ) representation the generic eigenfunction of L A has the form 

1 



(M 



,-exp 



iX° y y - iX Py p° y + iX° z z - iX Pz p° z ip(x, X Px ] 



where Xy,p y ,X^ and p Q z are the eigenvalues of the operators 



d 



. —i- 



(2.3.13) 



d d 



dy : dX Py ' dz" d\ 

respectively. We see the similarity with the quantum case except for the fact that the 
dimension of the space is double. Inserting (2.3.13) in (2.3.11) we get the following 
equation for tp(x, X Px ): 



1 d d 



m dx X Px ^ m \ yJr c P: 



Via the new quantity 



eB 



—x] + -xy z 

elm 



m 



4>(x,X Px )=£4>(x,X Px ). (2.3.14) 

(2.3.15) 



we can rewrite (2.3.14) as 



1 d d 1 

m dx dX Px m 



eB 



eB 



i;(x,X Px )=£ + i;(x,Xp x ). (2.3.16) 



Performing the following change of variables 



x' = x 



c 
~e~B 



o 

Py 







(2.3.17) 



(2.3.16) becomes: 



eB 



1 d d 
m dx' dX' 

Pa 



— moj 2 X' x 

Px 



4,(x',X> Px )=£+4;(x',X'p x ) 



(2.3.18) 



where u> = — has the dimensions of an angular velocity and it is related to the well- 

mc 

known Larmor frequency of rotation of a particle in a constant magnetic field. Like it 
happens in the quantum case also (2.3.18) is nothing more than the KvN eigenvalue 
equation for a harmonic oscillator. If we introduce the following new variables 



x' + aa; 



V2 



z_ = 



x 



A A' 



V2 



(2.3.19) 
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where A is a constant with the dimensions of an action, the operator appearing in (2.3.18) 
can be written as 



L 



1 

A 
1 

A 



a 2 d 2 



+ 



mui 



2m dZ 2 ' 2 
d 



1 

A 



Z, 



a 2 d 2 

2^8Zj 
d 



+ 



dZ 4 



(2.3.20) 



As indicated in the second step above, we notice that L A is the difference of two quantum 
harmonic oscillators respectively in Z_ and Z + , where the role of h is taken by the 
constant A. The eigenstates ip(Z+, ZJ) of L A can be easily obtained. They are: 



^(z + ,z^) = r n sc (z + )^Z(Z-). 



(2.3.21) 



In the previous expression ifj° sc (Z±) indicate the eigenfunctions of the quantum harmonic 
oscillator: 



r n sc (Z±) = (v^2«n!a )- 1 / 2 J ff n (|±)exp(-^), 



n 



0,+l,+2 r 



(2.3.22) 



where H n are the Hermite polynomials and o~q 
the eigenfunctions (2.3.21) are: 



A 



muj 



The eigenvalues associated to 



£ 



+ 



1 

A 



m + - ] Ax 



n + - } A..,. 



(m — n)uj = Nuj 



(2.3.23) 



where N can take every positive or negative integer value: N = 0, ±1, ±2, • • • . Let us 
notice that the spectrum of the Liouvillian (2.3.20) is discretized and unbounded below 
and that, by making the difference of the two oscillators, the quantum zero-point energy 
disappears completely from (2.3.23). Note also that there is an cx>order degeneracy in 
the sense that every eigenvalue £ + = Nuj has an entire set of eigenfunctions labeled 
by n: V = C sc (^+)<+ c at( Z -)> where n = -N, -N + 1, -N + 2, • • • if iV < and 
n = 0,1,2,- ■■ if N> 0. 

Coming back to the Landau problem and inserting (2.3.23) into (2.3.15) we have that 
the final spectrum is 



£ = Nuj + -\° z p° z 



1 

m 



N 



(eB_ 



1 



m - 



(2.3.24) 



while the associated eigenfunctions are: 
1 



(2vr) : 



r exp 



i\° y y-i\ p y y + i\ z z-i\ PzPz r n sc (Z + )r n 7N(Z-). (2.3.25) 



From the previous eigenfunctions we see that the degeneracy in the KvN case is much 
more than in the quantum one. In fact not only the eigenfunctions with different values 
of p y have the same eigenvalue £ , but the same happens also for all the eigenfunctions 
with different values of X y , n, and p z with the only constraint that the product X^p z 
must be the same. So there is a much more wider degeneracy here than in the quantum 



56 



Coupling with a Gauge Field 



case. This is due to the fact that the "wave functions" in the KvN formalism have a 
number of variables (q, X p ) that is double than the ones in QM. 

We want to conclude this analysis of the Landau problem finding out which are the 
constants of motion, i.e. the operators that commute with the generator of the time 
evolution L A . These operators will give us some indications concerning the trajectory of 
the classical particle in the constant magnetic field. 

Let us remember the form of the Liouvillian in the Landau problem: 



L, 



1 



1 



m 



m 



X x Px H [X y + -BX Px \[py x H X z p z . 



eB, 



1 



m 



(2.3.26) 



The commutator of the gauge invariant velocity v y = — I p y A y I with the Liouvillian 



L A is given by: 



Py ~A y ,L A 



m 2 c 



If we introduce the Larmor frequency: to 



m 

Bx, X x 

eB 
mc 



Px 



ieB ^ 
m A c 



(2.3.27) 



we can then easily prove that 



xq = x + Vy/u is a constant of motion. In fact, using (2.3.27) we get: 



x H — — , L A 



mc ieB 



m 



-Px 



eB m?c 



Px = 0. 



(2.3.28) 



1 



In the same way the commutators of y and v x = — ( p x A x ) with the Liouvillian 

are: 



[y,Lj 



i 

m 



Py 



eB, 



-x 



m 

ieB 
m 2 c 



Py 



eB, 



-x 



and so we obtain that also yo=y — v x /uj commutes with L A : 



mc , 



[yo,L A ] = [y,L A ] - — [v x ,L A ] 



0. 



(2.3.29) 



(2.3.30) 



Now a classical particle in a constant magnetic field directed along z describes an heli- 
coidal orbit whose projection on the x, y-plane is a circumference with a radius equal to 
the Larmor one Qiar'- 

' ' (2.3.31) 



QLar = —{V x +v) 



Using (2.3.27)-(2.3.29) it is possible to prove that also the Larmor radius is a constant 
of motion: 

' ' (2.3.32) 



[QLar, L a] = — [vl,L A ] + —\v 2 L A ] = 0. 

' 1-^ 1,1-^ a 



1 

The Larmor radius can be written also in terms of the operators x, Xo, y, yo in the 
following way: 



QLar = ^(vl + Vy) = ji u{y-m) 



' 1 
+ — 

UJ Z L 



oj(xq-x) = (x-x q ) 2 + (y-yo) 2 - (2.3.33) 
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Therefore (xo>2/o) is the center of a circumference which is the projection of the orbit 
of the particle onto the plane (x, y) and QLar is the corresponding radius. Note that 
in the KvN operatorial formalism the operators xq and yo are suitable combinations of 
the operators <p and they commute among themselves. This implies that they can be 
determined with arbitrary precision. In QM, instead, one can prove that the following 
relation holds: 

l*o,Vo] = -^f (2.3.34) 

and therefore, differently than in CM, there is an uncertainty relation involving the 
coordinates of the center of the circumference. 



2.4 Aharonov-Bohm Effect 

The second application of the MC rules that we want to study now is the well-known 
Aharonov-Bohm (AB) effect, [30]. According to this phenomenon, while the classical 
motion of a particle feels only the magnetic field and not the gauge potential, the quan- 
tum wave functions can be changed by the presence of a gauge potential even in regions 
where the associated magnetic field is zero. The change in the wave functions can be 
detected for example by an interference experiment. In this section we will study this 
phenomenon by considering not the wave functions or the interference effects but the 
spectra of the quantum Schrodinger operator H and the classical KvN Liouvillian L. 
The geometrical set up that we will use for the AB effect is illustrated in Fig. 2.1: 
basically we have a hollow cylindrical shell and a particle completely confined to the 
interior of the shell with rigid walls [7]. We will show that the spectrum of H changes 
once we turn on the magnetic field in the region enclosed by the shell and this happens 
even if the magnetic field is identically zero in the shell. Using the same geometrical 
configuration, we will study the spectrum of the KvN-Liouville operator L and we will 
prove that it does not change once we turn on the magnetic field differently than what 
happens in QM. We feel that this, in the framework of the operatorial formulation of 
CM, is the best mathematical proof that there is no AB effect in CM. 

Let us now study the Schrodinger operator in the geometrical set up of Fig. 2.1 and 
without magnetic field. Using cylindrical coordinates 

x = pcos9 

y = psinO (2.4.1) 

z = z 

the Schrodinger operator for a free particle is: 

H--—(— -— -— —\ 

2fi{d P 2 + P dp + P 2 de 2 + dz 2 ) [ " " j 

and the equation for the eigenvalues becomes: 

h 2 ( d 2 Id Id 2 d 2 \ 
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Fig. 2.1: Aharonov-Bohm geometrical set up. 
d d 

As the operators — and — commute with H we can diagonalize these three operators 
oO oz 

simultaneously and search for the eigenfunctions in the form: 



+ im6 

n 



R(p) (2.4.4) 



where p® z is a real number and m is an integer. Inserting (2.4.4) in (2.4.3) we get the 
following equation for R(p): 

R"{p) + ^ + R{p) = (2.4.5) 

where 

s= 2 J^-P1 (2 46) 

Using the new variables r = \J~Ep Eq. (2.4.5) becomes the well-known Bessel equation 
[32]: 

d 2 R ldR ( m 2s 



dr 2 + r^ + [ 1 -^) R = - ( 2A7 ) 

Since we want to have a wave function confined to the interior of the shell we will solve 
(2.4.7) with the boundary conditions: 

R(^a) = R(V^b) = (2.4.8) 

where a and b are respectively the smaller and the larger radius of the cylindrical shell, 
see Fig. 2.1. The most general solution of (2.4.7) with m integer is given by the linear 
combination of the Bessel functions of the first and second kind [32] : 



R(Vsp) = ^Jmiy/sp) + a 2 Y m (Vsp) 



(2.4.9) 
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where 



n! r(n + m + l) 

y m (r) = lim- [J m+e (r) - (-l)™J_ ro _ e (r)]. (2.4. 10) 

The spectrum of the system is completely determined by the boundary conditions (2.4.8). 
In order to simplify things we will consider the limit case in which the radius of the 
internal cylinder a goes to zero. In this case the boundary conditions (2.4.8) become 

R(0) = 0, R(V^b) = 0. (2.4.H) 

Now the Bessel functions of the second kind Y m are singular in the origin [32], so we 
have to restrict ourselves to solutions (2.4.9) of the form: 

R(V^p) = a 1 J m (V^p). (2.4.12) 

With this restriction the first of the boundary conditions (2.4. II) is automatically satis- 
fied because J m (0) = for m > l. So we have to impose only the second of the conditions 
(2.4. II) which implies: 

J m (v^>) = 0. (2.4.13) 

This relation tells us that we have to look for the zeros of the Bessel functions of the first 
kind J m . Let us call them a^^ m where m indicates the Bessel function which we refer to 
and k = l, 2, ■ ■ ■ labels the various zeros of the mth Bessel function. Then the solutions 
of (2.4. 13) can be formally written as 

y/tb = a Km . (2.4.14) 

Replacing s in the equation above with its expression (2.4.6), we get the following energy 
levels: 

£ - = s W + C' (2A15) 

To give an example useful for the following discussion, if we choose the second zero 
(A; = 2) of the first Bessel function (m = 1), which is a.2,1 ~ 3.83, we obtain the following 
energy level, see Fig. 2.2: 

+ (2.4.16) 

Let us now turn on a magnetic field [30] which is zero everywhere except for the B z 
component on the line x 2 + y 2 = and which has a fixed flux $ B . A choice of the gauge 
potential is 

_ -y® B 

x 2ir(x 2 + y 2 ) 

A X ® B (2.4.17) 

y 2tt(x 2 + y 2 ) 
A z =0. 
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. 6 



0.4 - 



0.2 - 



-0.2 - 



Fig. 2.2: Zeros of Bessel functions: m=l (continuous line), m=0.9 (dashed line). 



In cylindrical coordinates (2.4.17) becomes: 

A p = 0, A e = 



271?' 



A z = 0. 



(2.4.18) 







So with the above gauge field the MC rules change only the operator —ih— in the 

do 

following way: 



—ih 



89 



- h— - e ® B 
89 c 2vr ' 



Inserting (2.4.19) in (2.4.2) we have that the Schrodinger operator becomes: 



H 



IjJL 



8 2 ld_ ]_(d__^ V d 2 1 
dp 2 pdp p 2 \d8 ch B J dz 2 



(2.4.19) 



(2.4.20) 



while the equation for the eigenvalues is: 

-h 2 r d 2 Id 1 d 2 2ie^ 1 d 
+ -— + ——-—&B- 



2pL 



e 2 *l 



+ 



d 2 



dp 2 pdp p 2 d9 2 ch p 2 89 c 2 h 2 p 2 dz 2 _ 



ip = Eip(p,6,z). (2.4.21) 



Like in the free case for the previous equation we can choose solutions of the form: 



ip(p,0,z) = T^exp 



ip° z z 

h 



+ im8 



R(p) 



(2.4.22) 



which, inserted in (2.4.21), give the following differential equation for R(p) 
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e& B 2uE p° 2 

If a = — — and s = — ; then (2.4.23) can be written as 

ch n z n z 



(m — a) 

s — ■ 



21 



P 2 



R{p) = 0. (2.4.24) 



If we compare the previous equation with (2.4.5) we notice that the magnetic field has 
only shifted m — > m A = m — a. Therefore m A will no longer be an integer but a real 
number. Doing the same change of variables as before, r = we can transform 

(2.4.24) into 

d 2 R ldR / ml 



dr 2 r dr \ r 2 ) ^ ^ ^ 

For this equation with m A real there are two linearly independent solutions which are 
two Bessel functions of the first kind with opposite indices: 



Q n}T(n + m A + l) 
J (r) ( r Y mA T ( " ir(§)2 " (2 4 26) 

One immediately notices that J mA (0) = while J_ mA (0) diverges. As before when we 
impose the boundary conditions (2.4.11) the general solution of (2.4.25) becomes: 

R(y/5p)=a 1 J mA (r). (2.4.27) 

From the boundary condition 

<Wv^>)=0 (2.4.28) 
we can derive, as before, the energy levels 

*w = »w + fr < 2 - 4 ' 29 > 

If the magnetic flux $ s gives a = 0.1, then we have to consider the Bessel functions 
J m -o.i- The second zero of J0.9, analog to the second one of J\ that we considered 
before, is 02,0.9 = 3.70, see Fig. 2.2. Inserting this value in (2.4.29) we get 

E ^= h2 w +P i <E2 ^ (2A30) 

According to the last inequality the energy level ^2,0.9 with the magnetic field is smaller 
than the corresponding level £?2,i without the magnetic field calculated in (2.4.16). So 
this is a clear indication that the presence of a gauge potential modifies the spectrum 
of the quantum Schrodinger operator even if the wave function is restricted to an area 
with zero magnetic field. 

Let us now perform the same analysis in the classical case, studying what happens 
to the Liouvillian L. We have to be careful and write in cylindrical coordinates all 
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the variables which enter the Liouvillian L. We can start from the free Lagrangian in 
cylindrical coordinates which is: 



r 1" * 2 i 2/>2 

£ = 2^ + 2 w 9 



1 -2 



(2.4.31) 



From (2.4.31) we can derive the following momenta conjugate to p, 9 and z: 

P P = PP 



Pe 

Pz 



pp 
pz. 



(2.4.32) 



Then the relations between the Cartesian momenta p x ,Py,Pz and the cylindrical ones 
P P ,Pe,Pz are: 



Po 

p x = px = pp cos9 — pp9 sin# = p p cos9 sin6> 

p 

Po 

Pv = PV = PP srn ^ + PP® cos ^ = Ppsin^ H cos# 

' P 

P 2 =P Z - 



(2.4.33) 



As the coordinate z and the momentum p z are the same in the two coordinate systems 
we can summarize the basic transformation rules in the following scheme: 



x = p COS0 

y = p sin6* 



Pe 



Px = p P cos9 sin6* 

P 
Po 

Pv = Ppsm.9 H cos^. 

P 



(2.4.34) 



Note that the transformations of the momenta p x ,Py include not only the new momenta 
p p ,Pe but also the new coordinates 9, p. Let us remember that the Liouvillian L in 
Cartesian coordinates contains derivatives with respect to both the coordinates and 
the momenta and so we should check how they are related to derivatives in cylindrical 
coordinates. Using (2.4.34) it is a long but easy calculation to show that: 



( cos9 —sin9 / p —pgsin.9 / p 2 po/ p ■ cos# + p p sm9\ 
sm9 cos9/p pgcos9/p 2 pg/p ■ sin# — p p cos9 
cos6* —psin.9 

V sind pcos9 J 

(2.4.35) 

Equipped with the transformations (2.4.34) and (2.4.35) we can then easily transform L 
from Cartesian coordinates to cylindrical ones. In the case of a free particle we get 



/ d/dx \ 
d/dy 
d/dp a 
\d/d Py J 



(d/dp\ 
d/d9 
d/dpp 

\d/dp e J 



.Px d _ .p y d _ .p z d 



p dx 
i d 



p dy 
i p e d 



p dz 







d 



pF p dp p p 2 89 p^ z dz p p 3 dp p 



(2.4.36) 
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Next we will turn on the magnetic field whose gauge potential is given by (2.4.17). 
To implement the MC rules (2.1.16), we need to build the variables Ai which, for our 
potential, are: 



Ax 

Ay 

A z 



-A 



xy 



+ K 



$ s x l - y l 



Px it (x 2 + y 2 ) 2 Pv 2vr (x 2 + y 2 ) 2 
$ s xy 



3> s x 2 - y 2 



+ A. 



(2.4.37) 



2vr (x 2 + y 2 ) 2 Py vr (x 2 + y 2 ) 2 



0. 



In the expression above we have now to turn X Px , and X Py into operators, like in (1.1.32), 
and next we have to change everything into cylindrical coordinates using (2.4.34) and 
(2.4.35). The result is: 



A 



2vr p 2 
$ R 1 



y " 2vr p 2 
A z = 0. 



smoj^- p cosO-J^— 

a 9 -a 9 

cost)— h p smO— — 

op P ope 



(2.4.38) 



Inserting (2.4.17)-(2.4.38) into (2.1.14) and turning all the variables into operators we 
get, after a long but simple calculation, that the Liouvillian is: 

2 



L A = Pp-^r- 

p dp 



MP 



Pe 







Pz 



2irc J 89 p dz pp 



Pe 



d 



2ttc ) dpp 



(2.4.39) 



Notice that we could obtain this L A from the free Liouvillian L of (2.4.36) by just doing 
the replacement 

Pe — Pe - tt^- ( 2 - 4 - 40 ) 



2vrc 

Let us now turn to the eigenvalue equations: in the free case 

Li) = Sip 



(2.4.41) 

d d 

can be solved by noticing that L commutes with —i-^.,—i-^-,Po,p z - So these five oper- 
ate az 

ators can be diagonalized simultaneously and the solution of (2.4.41) have the form 



Y> = —R(p,pp)5(p e -Pe)5(p z - p°)exp(m0 + i\ G z 



(2.4.42) 







where n is an integer and \®,Pq,p® are the eigenvalues of —i-g-,Pe,Pz- Inserting (2.4.42) 



in (2.4.41) we get the following equation for R(p,p p ): 
i d Pan i n a d ^ z Pz 



Pi,n i {) i 

-PpW H 2 3 p a h 

p op pp z pp 6 opp 



S)R(p,Pp) = 0. 



(2.4.43) 



We showed before that we could turn the free Liouvillian L into the Liouvillian L A of 
(2.4.39) by just doing the substitution (2.4.40) pe — ► pe — — — . It is then clear that the 



solutions of the eigenvalue equation: 



2vrc 



(2.4.44) 
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can be obtained from the solutions (2.4.42) of the free one by means of the same replace- 
ment (2.4.40). The result is: 



(2.4.46) is the same equation as the free one (2.4.43) and as a consequence the eigenvalues 
8 A are the same as the eigenvalues 8 obtained from (2.4.43). Therefore the spectrum 
of the Liouville operator is not changed by the presence of the gauge potential in the 
shell. Of course the two eigenfunctions which have the same eigenvalues 8 = 8 A are 
different because they are labeled by different eigenvalues of the operator pg. In fact the 
eigenfunction ip of (2.4.42) has eigenvalue p® while the eigenfunction ip A of (2.4.45) has 
n e*&B 

eigenvalue p s H . So the two eigenfunctions are related by a shift in one of their 

2irc 

"classical" numbers p#. The difference with the quantum case is that the corresponding 
equations (2.4.5) and (2.4.24) cannot be turned one into the other like in the KvN case 
because in (2.4.5) m is an integer and not a continuous real eigenvalue like p$ is in the 

d 

KvN case. Also in CM there is an integer eigenvalue, n for — i— , but as a consequence 

Ou 

of the MC rules in KvN Hilbert space, the only difference between the free and the 
interacting case is in the eigenvalue p@ and not in n. The reader may object that, even if 
the spectrum of the classical Liouvillian is the same in the two cases, the eigenfunctions 
are different and then the evolution may lead to different results. Actually it is not so 
because, as we see from (2.3.12), to reconstruct the evolution of the wave functions we 
have to integrate over all the possible eigenvalues which label the eigenfunctions. In our 
case the different eigenfunctions (2.4.42)-(2.4.45) have only the "classical" number pg 
shifted. Since pg can assume every real number, when in (2.3.12) we integrate over all 
the pg a shift in them has no effect on the final result and the evolution of the classical 
probability densities is left unchanged by the gauge potential. We feel that this proof 
that the spectrum of the classical KvN operator is unchanged by the presence of the 
gauge potential in the shell, while the spectrum of the Schrodinger operator is changed, 
is a very convincing proof of the AB phenomenon. 

This concludes the first part of the thesis on the original KvN formulation of CM. In 
the following chapters we will include and analyse the geometrical and physical role of 
the differential forms appearing in the Classical Path Integral which, besides a functional 
counterpart of the KvN operatorial theory, is also one of its possible generalizations. 




(2.4.45) 



Inserting ip A into (2.4.44) we will get for R A (p,p p ) the following equation 




(2.4.46) 



PART II: 
Koopman-von Neumann Theory 

with Forms 



3. Geometrical Aspects of the 
Classical Path Integral 



/ am coming more and more to the conviction that the necessity of our geome- 
try cannot be demonstrated, at least neither by, nor for, the human intellect... 
geometry should be ranked, not with arithmetic, which is purely aprioristic, 
but with mechanics. 

-Carl Friedrich Gauss, 1817. 

In the first part of this thesis we have already shown that in the path integral formulation 
of CM some auxiliary variables made their appearance besides the standard phase space 
ones. Both the geometrical [5] [10] and the physical meaning [33] of these variables 
have already been studied in detail. In particular it is possible to rewrite the entire 
Cartan calculus of symplectic differential geometry by using the auxiliary variables of 
the CPI and the extended Poisson brackets introduced in (1.1.20). In this chapter 
we will show how it is possible to reproduce via the CPI also some generalizations of 
the Lie brackets which were lacking in the original papers. These are the Schouten- 
Nijenhuis, the Frolicher-Nijenhuis and the Nijenhuis- Richardson brackets [34]. In all this 
geometrical construction a crucial role is played by the identification of the Grassmann 
variables present in the CPI with the differential forms on phase space. Grassmann 
variables are more or less known objects to the physics community but, as Coleman 
said in his Erice's lectures, [35] " anticommuting c-numbers are notoriously objects that 
make strong men quail'. Therefore in this chapter we will show that it is possible to 
replace the anticommuting variables with less mysterious objects such as matrices. In 
performing this operation all the geometrical richness of the original CPI is not lost. 
In fact it is possible to map the differential forms of a 2n-dimensional phase space 
into 2 2n -dimensional vectors. Correspondently all the standard operations of differential 
geometry, such as exterior derivatives, Lie derivatives and so on, can be translated in 
terms of suitable combinations of Pauli and identity matrices. More details about the 
work contained in this chapter can be found in [10] and [11]. 
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3.1 Classical Path Integral and Cartan Calculus 

As we have already seen in Chapter 1 from the Lagrangian of the CPI (1.1.16) one can 
derive the following equations of motion for the Grassmann variables: 

c b = uj bc d c d a Hc a 

t b = -c a oj ac d c d b H. (3.1.1) 

Therefore the infinitesimal transformation generated by H on the phase space variables 
(p a is: 

c/ = p a + eoo ab d b H (3.1.2) 
and the corresponding transformations on c and c are given by: 



c a + euJ ac d c d b Hc b = 



~tXp h 



c' a = c a - ec b co bc d c d a H = -^rc b . (3.1.3) 

From these equations we notice that, under the diffeomorphism generated by H, c a 

transforms as a basis for the differential forms d(p a , while c a transforms as a basis for the 
d 

vector fields — — , see [51 [161. This is a first clear indication of the geometrical richness 

dip a 

of the CPI and we will use it in a little while. 

Before going on we want to underline that in [36] the space whose coordinates are 
(tp a ,c a ) is called reversed parity tangent bundle and it is indicated with HTM. The 
specification "reversed parity" is due to the fact that the c a are Grassmann variables. 
According to (1.1.17) (X a ,c a ) are the "momenta" associated to (p a ,c a ). Therefore p a , 
A a , c a and c a span the cotangent bundle to the reversed parity tangent bundle T*(HTM). 
For more details about this we refer the interested reader to [16]. Since the superspace 
of the CPI is a cotangent bundle it has the Poisson structure we found in (1.1.20). 
In the remaining part of this section we will show how to reproduce all the abstract 
Cartan calculus via these Poisson structures and the Grassmann variables. First of all 
we think that, even if the auxiliary variables X a ,c a ,c a have a well-defined geometrical 
meaning [5] [16], still the reader could claim that they are somehow redundant because 
we can do classical mechanics by using only the standard phase space variables tp a . This 
redundancy is actually signaled by the presence of some universal symmetries [5] whose 
charges are: 

Q = ic a X a , Q = ic a uj ab X b , 

Qf = c a c a , K = ^u ab c a c b , K = l -uj ab c a c b . (3.1.4) 

where ui ab are the elements of the inverse matrix of u> ab . There are also the following 
supersymmetry charges [5] [37]: 

Q H = Q - 0N = ic a X a - (3c a d a H 

Q H = Q + I3N = ic a uj ab X b + l3c a oj ab d b H (3.1.5) 



3.1 Classical Path Integral and Cartan Calculus 
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whose anticommutator gives H: 

[Q H ,Q H ] + = 2if3H- (3-1.6) 

d 

Since the c a transform as a basis for forms dip a and c a as a basis for vector fields — — , 

d(f a 

one can start building the following map, called "hat" map A: 

a = a a dip a — ^ a = a a c a (3.1.7) 
V = V a 8 a V = V a c a . (3.1.8) 

It is actually a much more general map between forms a, antisymmetric tensors V and 
functions of ip,c, c: 

F {v) = —,F a a dip ai A ... A d(p ap FW = lF ai c «i... c «p (3.1.9) 

yi P ) = l_yai- a pd A ■ ■ ■ A <9 a t> (p) = -r^ 1 "" 1 ^ • • • Q, . (3.1.10) 

p! p p! ^ 

Once the correspondence (3.1.7)-(3.1.10) is established we can easily find out how to 
implement the various Cartan operations such as the exterior derivative d of a form, or 
the interior contraction between a vector field V and a form F. It is easy to check that 
[5]: 

dF M _^ i{Q,F M } epb (3.1.11) 
tv i?W i{V,F^} epb (3.1.12) 

_^ ^{Q/,-F (P) }e P 6 (3.1.13) 

where Q and are the charges of (3.1.4). We can translate in our language also 
the usual mapping [9] between vector fields V and forms V b realized by the symplectic 
two-form w(V,0) = V b : 

V b ^i{K,V} epb (3.1.14) 
or the inverse operation of building a vector field a" out of a form a = (c^) b : 

a t^i{K : a} epb (3.1.15) 

where again K and K are the charges of (3.1.4). We can also translate the standard 
operation of building a vector field out of a function f(tp): 

(dff^i{Q,f} epb (3.1.16) 

and the Poisson brackets between two functions / and g: 

{f,g} Pb ^i{{f,Q},{Q,g}} • (3.1.17) 

v J epb 

The next thing to do is to translate the concept of Lie derivative along a vector field V 
which is defined as: C v = di v + i v d. It is easy to prove that: 

C vF W _^ {—H v , F (p) }e P b (3.1.18) 
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where 7i v = X a V a + ic a dbV a c b ; note that, for V a = uj ab dbH, 7i v becomes just the 
Hamiltonian Ti of (1.1.18), which appears in the weight of the CPI. This tells us that 
Ti is just the Lie derivative of the Hamiltonian flow. Since the exterior derivative d 
commutes with every Lie derivative C v now it is also clear the reason why the symmetry 
charge Q commutes with the Hamiltonian Ti. Finally the Lie brackets between two 
vector fields V, W is another vector field given by: 

[V,W] Lie 

brack 

{-Ti v ,W} epb . (3.1.19) 

In the next section we will show that at least three generalizations of the Lie brackets, 
which are well-known in the literature on differential geometry, can be reproduced and 
unified within the formalism of the CPI. 



3.2 Generalizations of the Lie Brackets 
3.2.1 Schouten-Nijenhuis (SN) Brackets 

The first generalization of the Lie brackets we will analyse in this section is given by the 
so-called Schouten-Nijenhuis (SN) brackets: they involve two multivector fields and they 
reduce to the usual Lie brackets in the case of vector fields. As the Lie brackets map 
two vector fields X and Y into another vector field [X, Y] , so the SN brackets map two 
multivector fields of rank p (P = X w A • • • A X (p) ) and r (R = Y (1) A • • • A Y {r) ) into a 
multivector field [ • , -] SN of rank p + r — 1 via the following rule [38] : 

[■,-} SN : V P {M) x V(M) — ► V p+r -\M) 
v ^ 
[P, R] SN = ^2(-l) l+1 X {1) A • • • A X (i) • • • A X (p) A [X (i) ,R] (3.2.1) 
i=i 

where V s indicates the space of multivector fields of rank s, the double hat X (i) indicates 
that we have removed X {i) and [X (l) , R] = C, x R is the Lie derivative of a multivector 
which can be defined in terms of the Lie brackets LY W , Y (j) ] between usual vector fields 
as: 

r 

C ^) R = E y W A • • • A [^(0.^0)] A • • • A y (r) . (3.2.2) 

3=1 

Now the Lie derivative along a vector field of a multivector (3.2.2) can be translated in 
our language as 1 : 

C *V R = -{{X (l) ,Q},R} (3.2.3) 

where R = Y^c^ ■ ■ ■ Yfccj T = Y W Y {2) ■ ■ ■ Y (r) . In fact: 

r 

{~^-x (i yR} = {-T~(-x (i) ,Y w Y {2) ■■■Y (r) } = ^7(1)7(2) • • • {-H X{i) ,Y (j) } • • • Y (r) = 

j'=i 

r 

= E^A)-"([ X (0> y O)]) ■■■Y (r) = (£ X(i) R)\ (3.2.4) 

3=1 

1 Since now on we will omit the "epb" acronym for our brackets { , }. 



3.2 Generalizations of the Lie Brackets 



71 



We note that the extended Poisson brackets between —H Xr , and R take automatically 
into account the sum over j which appears in the definition of the Lie derivative of a 
multivector. 

Now we can consider the SN brackets. According to their definition we have 

v ^ 
[P,R] SN ^ ^(-iy +1 X (iy --X (i y--X (p) {-{X {i) ,Q},R]. (3.2.5) 
i=i 

The previous formula can be written in a very compact way as: 

[P,R] SN -{{Q,P},R,}. (3.2.6) 

In fact: 

-[{Q,P},r} = -{{Q,X (1 yX (p) },R}= (3.2.7) 

v ^ 
= Y,(-T +1 X W ■ ■ ■ X (i) ■ ■ ■ X (P) {-{Q, X (l) }, R] = [P, R]* N . 
i=i 

We note that on the RHS of (3.2.6) we have the images, via the A-map, of the multivectors 
P and R, which appear on the LHS of the same equation, and the usual BRS charge Q 
which appears naturally also in this context. 

Like in the case of vector fields, where 7i x = {Q,X}, we can define a Hamiltonian 
associated with a multivector field P in the following way: 

v -x 
Hp = {Q,X m ■ ■ ■ X (p) } = ^(-l) l+1 X (1) • ■ -X (i) ■ ■ ■ X (p) H X(i y (3.2.8) 

i=l 

and write the hat map of SN brackets as: 

[P,R] SN -{H P ,R}. (3.2.9) 

From (3.2.8) and (3.2.9) we can notice how the SN brackets become the usual Lie brackets 
in the case of vector fields. 

3.2.2 Frolicher-Nijenhuis (FN) Brackets 

The second kind of brackets we want to analyse in this section are the Frolicher-Nijenhuis 
(FN) ones. These brackets associate to two vector-valued forms 2 K G £l k+1 (M; TM) 
of degree k + 1 and L G fl l+1 {M;TM) of de gree ilia vector-valued form of degree 
k + l + 2: 

[■,-} FN : n k+1 (M;TM) xn l+1 (M;TM) — ► Q k+l+2 (M;TM). (3.2.10) 

They are defined in the following manner [34]: 

2 Regarding the manner to indicate the space of vector-valued forms with Q k (M, TM) we follow the 
notation of Ref. [34] . 
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a) let us first define the interior contraction ij with a vector-valued form J of degree 
j + 1, and its action on a form to of degree I. As J is a (j + l)-form, LjLO is a (j + Z)-form 
and when we apply it on j + I vectors, we obtain the following number: 

(ljUj)(X (1) , • • • ,X u+l) ) = 

^ (sign a) lo J (X a ^ , • • • , X a ( j+l ) ) , A CT ( i+2 ) , ■ ■ , X a(j+l) 



(3.2.11) 



where Sj + i is the set of permutations of the vector fields X (1) ■ ■ ■ X u+l) . 

b) having a generalized interior contraction ij, we can also define a generalized Lie 
derivative as: 

Cj = [ij,d] (3.2.12) 

where [ • , • ] is the usual graded commutator and J £ TM). 

c) Now the FN brackets are defined in the following implicit way: 

[Cj,C L ] = C [JMfn (3.2.13) 

where [Cj,C L ] is again the graded commutator among the Lie derivatives. 

How can we translate all this in our language? 
a) First of all via our A-map the vector- valued forms J G Q.i +1 (M.; TM.) become: 

' • iT^T-T • / -, [c l V 2 ---c^][c l ]. (3.2.14) 

Which is the A-map of the interior contraction ijujl As in the case of the interior 
contraction with a vector field, we expect that: 

LjUJ i{J, u)}. (3.2.15) 

If we rewrite J = a^X, where a 6 J+1 (A4) and X is a vector field, then l x lo G 

and we can translate the interior contraction ijto as the exterior product between two 

forms: 

bjuj = a A t x w. (3.2.16) 

Now, if a G VLi +1 (M) and (3 G 0^ 1 (A / J) are two differential forms then the hat-map of 
their exterior product is simply the product of the hat-map of the two forms: 

{a A 13) a/3. (3.2.17) 

In the case of our interior contraction we have that: 

ijLO = a A l x u o~(l x lo) a . (3.2.18) 

Using (3.1.12) and {a,Q} = we can go on writing: 

a(i x oo) A = ia{X, Q} = i{aX, Q} = i{J, Q}. (3.2.19) 
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Inserting (3.2.19) into the RHS of (3.2.18) we finally obtain: 

LjU i{J,Q} (3.2.20) 

which is what we wanted to prove. 

b) At this point, having defined the concept of interior contraction with a vector-valued 
form, we can go on finding out which is the mapping of the Lie derivative associated 
with a vector- valued form J: 

Cj = [tj,d] = tj d+(-l) J ' +1 d tj . (3.2.21) 

Since we know how to translate in our language both the interior contraction with a 
vector-valued form and the exterior derivative, we have the following mapping: 

CjLO i{J,(du J ) A }+(-iy + 1 i{Q,(L J L0) A } = 

= -{j,{QM} + (-l) j {Q,{JM}=-{{J,Q},z} (3-2.22) 

where, in the last step, we have used the Jacobi identity. So we have: 

CjLU -{Hj,Q} (3.2.23) 

where we have defined, as usual, Hj = {J, Q}. From this definition and from (3.2.14) it 
follows that the explicit expression of Hj is: 

ftj = JJ^(^iJii 2 ---i j+1 + (3-2.24) 

We note that if j is Grassmannian even then Ti.j is odd and if j is odd then TLj is 
even. Moreover, from (3.2.23), the Grassmannian parity of Hj coincides with that of the 
correspondent Lie derivative £, 7 . 

c) Finally we have all the elements to translate in our language the FN brackets. They 
are defined [34] in implicit way by the equation: 

[Cj,C L ] = C [JMfn . (3.2.25) 

Now if we apply the LHS of (3.2.25) on a generic form u we have: 

[£j,£l]lo = {CjC l )lo - (-l)^ n -'\C L Cj)uj (3.2.26) 

where \H\ is the Grassmannian parity of H. Via the hat-map we obtain: 

[Cj,c L ]u {H J dn L M}-(-i) [nL][Hj] {n L ,{H J ,Q}} = 

= {{Hj,H L },uj) (3.2.27) 

where in the last step we have used, as usual, the Jacobi identity. From (3.2.23) we have 
that the RHS of (3.2.25) can be translated as: 

£ [JiL]FJvW - {H [JMfn , Q}. (3.2.28) 



74 



3. Geometrical Aspects of the Classical Path Integral 



Comparing (3.2.27) and (3.2.28) we obtain: 

{([J,L] fn ) a ,q] = H IJMfn = -{Hj,H L }. (3.2.29) 

Therefore if we want the correct representation of the FN brackets, we have to write 
{Hj,H L } as { • ,Q}. This is not difficult to do. In fact, using the nilpotency of Q and 
the Jacobi identities one obtains: 

{Hj,H L } = {{J,Q},{L,Q}} = {{{J,Q},L},Q}. (3.2.30) 

Substituting (3.2.30) into the RHS of (3.2.29) we finally obtain: 

[J,L} FN =-{Hj,L}. (3.2.31) 

We notice that, if J and L are vector-valued zero-forms, i.e. if they are usual vector 
fields, then the FN brackets reduce to the usual Lie ones. So we can say that, while 
the SN brackets generalize Lie brackets in the case of multivector fields, the FN ones 
generalize the Lie brackets in the case of vector-valued forms. 



3.2.3 Nijenhuis-Richardson (NR) Brackets 

The last brackets we will analyse in this section are the Nijenhuis-Richardson (NR) ones: 
they map two vector- valued forms J G QP +1 {M ; TM) and L G Q l+1 (M; TM) to another 
vector- valued form of degree j + 1 + 1 defined in an implicit way as [34] : 

[■,-} NR : VL j+1 {M;TM)xVL l+1 {M;TM) — ► Q? +l+1 {M;TM) 

Hjm nr = [^]- (3-2-32) 

Let us now apply on a generic form lo G Q m (M.) the LHS of (3.2.32) and let us use the 
hat-map. We obtain: 

L [mNR uJ i[([J,L] NR ) A ,Qy (3.2.33) 

Instead if we apply on to the RHS of (3.2.32) we get: 

L L ]U = i.,{i L Uj) - {-iy l L L {ljU) i{J, (i L L0) A } - (-iy l i{L, ( h L0) A } = 

= -{J,{L,Q}} + (-iy l {L,{J,Q}}. (3.2.34) 

Using the Jacobi identity we can rewrite the previous equation as: 

-{{J,L},S}. (3.2.35) 

and, from the definition (3.2.32) and the comparison of (3.2.33) with (3.2.35), we obtain 
the following hat-map for the NR brackets: 

[J,L] NR i{J,L}. (3.2.36) 

So the NR brackets between two vector-valued forms are just proportional to the ex- 
tended Poisson brackets of the vector- valued forms themselves. 
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We can now summarize all SN, FN, NR brackets in the following very compact way: 

[P, R]sn ~^ ~ \7~tpi R}epb 

[J,L] FN -{Hj,L} epb (3.2.37) 

[J,L] NR i{J,L} epb 

where: 

P = Y {1) A ■ ■ • A Y (r) > ■ ■ ■ Y(r)Cj r 

R = Y" (1) A • • • A Y (r) > ^(i)Cji • • • Yfacj r 

v ^ 
Tip = {Q, X (1) ■ ■ ■ X (p) } = '^2(-l) t+1 X {1) ■ ■ ■ X (i) ■ ■ ■ X (p) H X(i) 

i=i 

H J = 1JTY)\ (^i J U-i j+1 + ici(d d 4 1 i 2 ..-i j+1 c d ) S j c n • • • (3.2.38) 

J G W+\M;TM) ^_J| il2 ... lj+i [ c ^^ ...c^M 

L e Q l+1 (M;TM) Ij l32 .., l+1 ^ ■ ■ ■ c^fe.]. 

By looking at (3.2.37) one immediately realizes that we have reduced three different 
generalizations of the Lie brackets, like the SN, FN and NR ones, to the epb of (1.1.20). 
Basically to change the brackets we have only to consider, as entries of the epb, different 
functions of the CPI variables. In this sense we have provided a unifying structure for all 
the possible generalizations of the standard Lie brackets between vector fields. Further 
calculation details about the content of this section can be found in [10]. 



3.3 Grassmann Variables and Matrices in n = 1 Symplectic 
Manifolds 

In the previous sections we have implemented and analysed all the geometrical aspects 
of the CPI and, in doing this, a very important role was played by the variables c a , c a 
which are the generators of a Grassmann algebra. It is well-known that every Grass- 
mann algebra can be realized in terms of suitable square matrices, see for example [39]. 
This matrix realization was already used in super symmetric quantum mechanics [12] [13]. 
What we want to see now is whether the same matrix realization can be used also in the 
case of the CPI. The content of the remaining part of this chapter can be found also in 
[11]. 

First of all let us notice that the CPI can be used to compute transition probabilities 
and classical amplitudes [5]. In fact let us consider: 

K(tp f ,Cf,tf\(pi,Ci,ti) = [ V"ipVXD"cVcexp i I '* dt C (3.3.1) 

J L Jti 
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with the boundary conditions 



Vf, 



c a (U 



(3.3.2) 



It is easy to realize that such a path integral makes the evolution of the generalized wave 
functions 

*P(<p, c) = V#) + M<P)c a + ^ab(^)c a c b + ... (3.3.3) 

where ip(^>), tp a (^p) and ipabif) are complex functions of (p. In the case n = 1, i.e. 
ip a = (q,p), c a = (c q ,c p ), these generalized wave functions become: 

c) =Mv)+Mv)c q + Mv)c p + Mv)c P c q - (3-3.4) 

The 4 arbitrary functions of the phase space variables ip ,ip q ,ip p and tp 2 can be thought 
of as the components of a 4-vector: 



i/>(<p, c) = i/j (ip) + ip q {<p)c q + V P (^)c p + M^Vc q = 



(A \ 

VV>2 J 



(3.3.5) 



With this choice it is then possible to represent every operator of the theory as a 4 x 4 
matrix. For example if we apply the operator of multiplication by c q on ip we get 
tp' = c Qr ip = c q ip + c q c p ifj p . This wave function ip', in the 4-vector notation (3.3.5), has 
the form: 

/ o \ 

A 
o 

V -Vv / 

and it could be obtained from the 4-vector representation of ip as 



(3.3.6) 



/0 
1 


\0 











-1 0/ 



WW 



(3.3.7) 



From (3.3.7) we have that the matrix realization of the operator c q is given by 3 : 

fO 0\ 

10 



\0 -1 0/ 



(3.3.8) 



Likewise the operator of multiplication by c p is represented by the following 4x4 matrix: 

/0 0\ 

<*- (3 3 9) 

looo- " 

\0 1 0/ 



3 Since now on in this chapter we will put the hat symbol only to indicate the matrix realizations of 
the Grassmann operators. 
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d 



c q and c p are instead the derivative operators -^-^ and If we apply them on the 

wave function ip written in (3.3.4) and we perform steps similar to those which lead to 
(3.3.8), then we can obtain the following matrix representations: 



/0 1 \ 



-1 

\0 / 



/0 1 0\ 

1 



\0 0/ 



(3.3.10) 



Note that the matrices c are just the transpose of the associated matrices c. It is also easy 
to verify that the matrices (3.3.8)-(3.3.10) satisfy the correct anticommutation relations 
given by the Grassmann algebra: [c, c]+ = 0, [8, 5]+ = 0, [c°,Cft]+ = 5%. 

The 4x4 matrices we have obtained so far can be written in a more compact form 
via tensor products of Pauli matrices. Let us introduce: 



a 



(+) 



1 




(-) 



cr-r 



l(T„ 





1 



(3.3.11) 



It is then easy to prove that (3.3.8)-(3.3.10) can be written as tensor products ® of Pauli 
matrices as: 



8" 



a 



(-) 



r(") 



a 



2 

(+) 



Cp ~ 2 



1, 
1, 



a 



(+) 



(3.3.12) 



These formulae are very useful because, as we will see in Sec. 3.5, they can be easily 
generalized to the case of systems with an arbitrary great number of degrees of freedom. 

Via the representation (3.3.8)-(3.3.10) for the Grassmann operators of the theory we 
can build also the matrix representation of the symmetry charges of the CPI: 



/0 

d q 
dp 









0\ 






\o Op -d q 0/ 



Q 



/o 


dp 




~d q 


\ 






























dp 


\o 










o / 




(° 








o\ 














































oy 





Qf 



K = 



/0 0\ 

10 

10 

\0 2/ 

/0 1\ 



Vo o o o/ 



(3.3.13) 
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One can easily check that the algebra of these charges is the one of Ref . [5] : 



[Q,Q] + = [Q,Q] + = iQ,Q] + = 

[Q f ,K]_ = 2K, [Q f ,f]_ = -2F, [K,f]_=Q f -l 
[Qf,Q]- = Q, [QfM-=~^, [K,Q}-=0 
[K,-Q]_=Q, [f,Q]_=§, [f,§]_=0. 

The representation of the supersymmetry charges is given by: 



Qh 



I 





ON 






-pd q H 







dp 


- (3d p H 







V 


d p 


-pdpH -d q + l3d q H Oj 




/o 


dp + [3d p H 


-d q - f5d q H 


\ 








-d q - (3d q H 








-dp- (3d p H 


\o 











Qh = 



Finally the matrix representing the operator of evolution: 

TL = L + iCqdpdpHc p + ic q dpd q Hc q — ic p dqd p Hc p — iCpd q d q Hc q , 
where L = \ a uj ab dbH is the Liouville operator, is given by: 



n 



(L 





o o\ 





L — idqdpH 


idqdqH 





—id p dpH 


L + idpdgH 







Lj 



(3.3.14) 



(3.3.15) 



(3.3.16) 



(3.3.17) 



From the above expression of TL it is clear that the zero- and the two-forms, which in the 
4-vector representation (3.3.5) have respectively only the first and the last components 
different from zero, evolve only with the Liouvillian L. The one-forms instead evolve with 
the central 2x2 submatrix of (3.3.17) which contains all the possible second derivatives 
of the Hamiltonian H(ip) and mixes the two central components of the 4-vector ip. It is 
easy to check that also at the matrix level the usual supersymmetry algebra holds, i.e.: 

[Qh,Q h ]+ = 2i(3T~t, [Qh,'H\- = [Q H ,H]- = 0. So, using the matrix realization of the 
Grassmann operators in the case n = 1, we automatically represent the superalgebra of 
the symmetry charges of the CPI in terms of 4 x 4 matrices of operators. Now irreducible 
representations of superalgebras are well-known in literature. In Sec. 3.7 we shall use 
the results of Ref. [40] to show how it is possible to build the irreducible representations 
for the superalgebra of the CPI in terms of 4 x 4 matrices whose entries are real numbers. 

All the symmetries of the CPI turn the states into each other within the eigenspaces 
of the operator of evolution TC. For example we can start considering an eigenstate of 
the Liouvillian L with eigenvalue I: Lif) l = lip\ y Since if) l is a zero- form we can represent 
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it by means of the following 4- vector: 






V o / 



(3.3.18) 



which is an eigenstate for H with eigenvalue I: Hip l = lip l . Since Q commutes with TL 
also Qip l is an eigenstate for H with the same eigenvalue: 



[H,Q]=0 => H(QtPl) = im l ). 
The explicit form of Qip l is given by the following one-form: 



q4 = 



(3.3.19) 



/o 












( < \ 




( 


\ 
























d p 






















\o 


dp 








^ o J 




V o 


/ 



(3.3.20) 



In the same way Ktp l is another eigenstate for TL with eigenvalue I. Its explicit form is 
given by: 



k4 = 

















( \ 










































V 












^ o / 


V < 1 



(3.3.21) 



and it is a two-form. So by means of the symmetry charges we can move within the 
eigenspaces of TC: from the zero-forms to the one-forms (by the charge Q) and from the 
zero- forms to the two- forms (by the charge K). 

A similar role is played also by the supersymmetry charges. First of all, following Ref. 
[41], we can rewrite the matrix realization of Q H and Q H , that we derived in (3.3.15), 
as: 



Qh 



( 








o\ 


Qi 











Q2 











V 


Q2 


-QI 


0/ 



Qh 



/o 


Qi 


Qi 





\ 











Qi 













-Qi 




Vo 











/ 



(3.3.22) 



where 



Ql = d q - f3d q H, Qt = d p + (3d p H 



Q 2 



(3dpH, 



Q 



(3d q H. 



(3.3.23) 



Since Q H commutes with the Hamiltonian 7i, we have that if ijj l is an eigenstate for the 
Liouvillian with eigenvalue I then 



Qh 



( 




\ 


/ 





\ 
























Q 2 V>o 




V 





/ 


V 





/ 



(3.3.24) 
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is also an eigenstate for H with the same eigenvalue. Not only, but let us rewrite the 
operator of evolution (3.3.17) as 



n = 



where TC is the following 2x2 matrix: 



ft 







<£/(!) 



(A 




(3.3.25) 



n 



(i) 



L — id q dpH id q d q H 
—idpdpH L + idpd q H 



(3.3.26) 



It is easy to show that the 2-vector Q- ip l is an eigenstate for 7Y (1) with eigenvalue I 
kj (Qj^o) = KQk^o)' ^- e - ^ ne following relation holds: 



H 



(i) f Qi 

Q2< 



2i Qiyl 

Q 2 i ,l o 



(3.3.27) 



Vice versa if a state ip^ is an eigenstate for the operator 7Y (1) with eigenvalue I, then 

ON 

the associated 4-vector I is an eigenstate for H with the same eigenvalue. As 

) 



Q H commutes with 7i, the 4-vectors | I an< i 











hi 













Qi 







\ 

Qi 

-Qi 

o / 



/ \ 
\ o / 



/ QM } \ 



V 



'k v k 
o 

o 





(3.3.28) 



are degenerate. We can also phrase this degeneracy by saying that, if tp^ is an eigen- 
state of 7i (1> , then the operators map the eigenstates of 7i (1> into eigenstates of the 
Liouvillian L, according to the following relation: 



HQM h 



kqW) 



(3.3.29) 



where an implicit sum over k is understood. A more complete and refined analysis can be 
performed on the basis of what has been done for supersymmetric quantum mechanics 
in Ref. [41]. The final result is that two quite different operators like L and 7Y (1) have 
equivalent spectra and the only difference might be in the handling of the zero eigenvalue. 
We should notice that in our case one of the two operators, the Liouvillian L, has a deep 
physical meaning and its spectrum gives us information on important properties like the 
ergodicity, the mixing of the system, etc. [24]. So the fact that its spectrum is equivalent 
to the one of may help in discovering further things on dynamical systems. 

Up to now we have specified only which is the space of the wave functions whose 
evolution is given by the CPI, i.e. the space of 4-vectors ip of (3.3.5). To build a true 
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Hilbert space we have to introduce also a suitable scalar product between two different 
wave functions ip and $. Following Ref. [13] one of the most natural choices is: 

(if,\Q>) = J 'dp [<$ + r q % + + V^]. (3.3.30) 

With this scalar product all the states have positive definite norms and the only state 
with zero norm is the null state. It is also easy to prove that: 



(c a m 



(3.3.31) 



i.e. the operators c and c are one the Hermitian conjugate of the other: c = = 
(c T )*. Therefore the two number operators N q = c q c q and N p = c p c p are Hermitian and 
commute. Since Ng = N q and N£ = N p the only possible eigenvalues of the number 
operators are and 1 as it is particularly clear using their matrix representation derived 
from the matrix representation of c and c: 



N q =d^ q 



/0 0\ /o 1 0\ /o 0\ 

1 

' 1 

\o 1 0/ \o 0/ 

/o o\ /o 1 \ 



N„ 













-1 





10 



\0 I J 

/o 0\ 



10 



\0 -1 0/ \0 / \0 1/ 



(3.3.32) 



N q and N p are a complete set of commuting and Hermitian operators for what concerns 
the Grassmannian part of the theory. This means that the knowledge of the simultaneous 
eigenvalues of N q and N p allows us to select in a unique way one of the 4 basis vectors. 
The correspondence between the couple of eigenvalues (n q , n p ) of the operators (N q , N p ) 
and the basis state vectors is given by the following table: 



(0,0) 



(0,1) 






V / 

(°\ 
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V / 



(1,0) 



(1,1) 



/ \ 
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V / 

/o\ 




V 1 / 



(3.3.33) 



Therefore every wave function -ip of the generalized Hilbert space can be expanded on the 
basis of the common eigenstates of N q and N p and it is possible to construct a resolution 
of the identity involving only these eigenstates. These considerations will be useful in 
Chapter 4 when we will analyse more in detail the Hilbert space structure underlying 
the path integral formulation of CM. 
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3.4 Cartan Calculus in n = 1 Symplectic Manifolds 



In the previous sections we have seen that a lot of operations of the Cartan calculus 
can be performed via the symmetry charges of the CPI [5] and that all these symmetry 
charges can be represented via 4x4 matrices, in the case of n = 1 symplectic manifolds 
labeled by two variables (q, p). Therefore in this case we expect that also the operations of 
differential geometry can be performed by means of 4 x 4 matrices. We start remembering 
that if n = 1 then a basis for the cotangent bundle of the phase space is given by 
(dq = c q ,dp = c p ) and, as we have seen in (3.3.5), the most general non-homogeneous 
differential form ip~ = ijj + ip q c q + ip p c p + ip 2 c p c q can be represented by the 4-vector 



V V>2 



In this section we will translate into matrices all the operations one can 



do on forms in ordinary differential geometry. 

• Exterior Derivative. With the identifications dq = c q and dp = c p the action of the 
exterior derivative d on a homogeneous form increases by 1 the degree of the form itself 
according to the following equations: 



dV> = d q ip c q + d p ip c p 
d(ip 2 c p (fl) = 0. 



dgtpp 



ice 



(3.4.1) 



Then it is easy to prove that the symmetry charge Q can be interpreted as the exterior 
derivative also at the matrix level. In fact when we apply Q over the 4-vector ip we 
produce a new 4-vector whose components are just the 4 components of the differential 
form dip obtained acting with the exterior derivative d over ip: 
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o\ 
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\o 


d p 




0/ 




V ^ J 




\ dptpg - dglpp 
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= dip. 



(3.4.2) 



• Form Number. The symmetry charge Qf provides the form number of ip. In fact: 
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\o 
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V 2 
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= p1p 



(v) 



(3.4.3) 



where the previous relation means that all the homogeneous forms are eigenstates for 
Qf. In particular the zero-forms V' (0) are eigenstates for Qf with eigenvalue 0, the one- 
forms %p {1) are eigenstates with eigenvalue 1 and the two-forms %p {2) are eigenstates with 
eigenvalue 2. 



Interior Contraction. The interior contraction of a homogeneous form with the 
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vector field V = V a c a = V q c q + V p c p is given by 





So the interior contraction of a form with the vector field V maps 



(3.4.4) 



v v4 2) ) 



into a new 



(i) 



4-vector 



-,(2) 



-v^ 2 



previous mapping is given by: 



V 



. It is easy to see that the 4x4 matrix realizing the 



lv = 



[0 V q V p \ 

V p 

-V q 

\0 / 



(3.4.5) 



The matrix (3.4.5) is just equal to the matrix representation of the vector field 
V = V q c q + V p c p where c q and c p are the matrix representations of the Grassmann 
operators, see (3.3.10). 

• Lie Derivative along the Hamiltonian Flow. As a particular case of the previous 



analysis, if we take a Hamiltonian vector field h a 



to 



ab 



dbH, then the components of V 



are: V q = d p H, V p = —d q H and the interior contraction (3.4.5) becomes: 



i<h 



fo 


d p H 


-d q H 
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-d q H 











-8 P H 










o / 



(3.4.6) 



From the matrix representation of the exterior derivative (3.4.2) and of the interior 
contraction (3.4.6) we can easily derive the matrix representation for the Lie derivative 
along the Hamiltonian vector field h: 



(il 



C h = dih + tfcd = 







%L + d q d p H 





V0 



dpdpH 






-d q d q H 
dpd q H 




0\ 


ihj 



(3.4.7) 



By comparing (3.3.17) and (3.4.7) we have that also at the matrix level the Hamiltonian 
H is nothing more than the Lie derivative along the Hamiltonian vector field: H = —iCh- 
This means that, when we apply the CPI operator of evolution TC on a generic ip we obtain 
another form whose components are given, modulus a factor —i, by the Lie derivative of 
the Hamiltonian flow: Tiip = —iChip. 
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• Hodge Star. The Hodge * transformation is denned as [42]: 
*(dx h A alx i2 A ... A dx ip ) = 1 €i 1 i 2 ...i p i p+1 ...i N dx ip+1 A dx ip+2 A • • • A dx iN . (3.4.8) 

In the language of the CPI we have that in the case of one degree of freedom (TV = 2): 

*(1) = e qp dq A dp = dq A dp — ► *(1) = c q c p 

*(dx*) = eij dx J ' — ► *(c 9 ) = cP, *(cP) = -c q (3.4.9) 

*(c/p Adg) = e pq = -1 — ► *(c p c 9 ) = -l. 

With the convention (3.3.5), the action of * on the basis state vectors is given by: 
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V o 


/ 



(3.4.10) 



Therefore the matrix representation for the Hodge * transformation is: 

/ -1\ 

0-10 

* ~ 1 ' 

\-l / 



• The Adjoint of d. The previous * transformation can be used to define the following 
"inner product" between two l-forms: 



(3.4.12) 



(m, A) = / a i a *A- 

JM 

Using it the adjoint 5 of the exterior derivative d can be defined as: 

(aj,d$-i) = (Sai,Pi-i). 



(3.4.13) 



In particular it is possible to prove [42] that, in the case of manifolds with even dimension 
like the symplectic ones, 5 can be expressed in terms of d and * as: 5 = — * d*. Using 
(3.4.2) for the exterior derivative, and (3.4.11) for the Hodge * transformation, we obtain 
for 5 the following matrix representation: 



5 = 







-dp 


o \ 











-d p 





















o / 



(3.4.14) 
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5 is a nilpotent matrix and it lowers the degree of the forms by one. So it acts like the 
symmetry charge Q but, nevertheless, it does not coincide with it. In fact, using the 
language of the CPI, we have that d a = iX a and, from the explicit form (3.3.10) of the 
matrices c we easily obtain that: 



5 = 



(° 


-iX q 


— iXp 


o \ 











-iXp 











iXq 


\o 











— iXgCq iXpCp 



(3.4.15) 



which is different from Q = —iX q c p + iX p c q . It is also possible to prove that the "in- 
ner product" (3.4.12) used in differential geometry coincides with the positive definite 
inner product defined in (3.3.30). For example from the associated hermiticity relations 
(3.3.31) among the Grassmann operators c qt = c q , c pt = c p we have that: 

6 = (ic q X q + ic%) f =► 5 = d f (3.4.16) 

which is nothing more than (3.4.13). 

• The Laplacian. The Laplacian operator can be defined starting from d and 5 as: 

A = (d + (5) 2 = d(5 + 5d (3.4.17) 

where in the last step we have used the property that d and 6 are nilpotent. From (3.4.2) 
and (3.4.15) we have that the matrix representation of the Laplacian is given by: 



d«5 + Sd = (-d 2 q - d 2 p )l M = A = (X 2 q + X 2 p )l 4x4 
from which it is particularly clear that A is a positive definite operator. 



(3.4.18) 



3.5 Grassmann Algebras and Pauli Matrices 

In order to generalize the results of the previous sections to the case of a system with an 
arbitrary great number of degrees of freedom, it is particularly useful to find a represen- 
tation of the Grassmann operators in terms of tensor products of Pauli matrices like we 

did in the case of n = 1 where we identified cP = (g> 1 and <? = a z (g> . In the 

2 2 

case of a generic symplectic manifold we will label the indices 1,2, ... ,k on (p k and c k 
in such a way that: ip 1 = p u if 2 = q 1 , <p 3 = p 2 , (f 4 = q 2 and so on. The correspondence 
between Grassmann operators and Pauli matrices becomes: 



& = (a z )® k - 1 (l)®", k = 1, ■ • • , 2n 

2, (3.5.1) 
% = (a^- 1 ® — ® (l)® 2 ™-^', j = l,...,2n 

where, for example, (cr^)® fc_1 = a z ® a z ® • • • ® a z indicates the tensor product of k — 1 

k— 1 times 

Pauli matrices a z . The matrices and Cj built in (3.5.1) satisfy the usual Grassmann 



(-) 
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algebra, i.e.: 



°bi 



[c°,c 6 ]+ = [c a ,c 6 ]+ = 0, a,6= l,...,2n. 



(3.5.2) 



So we can say that the construction (3.5.1) allowed us to realize the Grassmann operators 
of the CPI in terms of tensor products of suitable Pauli or identity matrices. Since this 
property is crucial in order to derive all the other formulae of this section we will prove it 
in detail in Appendix 3. A. Here we want only to underline that the Grassmann algebra 
of c and c becomes a direct consequence of the algebra of Pauli matrices. Using the 
construction (3.5.1) we will now generalize all the results obtained in the case n = 1 to 
the case of an arbitrary great number of degrees of freedom, without losing a certain 
compactness in the appearance of the formulae. 

If we want to represent the Grassmann operators of the CPI as tensor products of 
Pauli matrices we have to represent also the states of the associated Hilbert space as 
tensor products of 2-dimensional vectors in a consistent way. For example in the n = 1 

case, where we represented 7? = — ^— ® 1 and 7? = a z ® - , the correspondent Hilbert 
space could be constructed from all the possible tensor products of the 2-dimensional 
vectors on which the Pauli matrices act: 



/ 1 \ 





V o / 
/°\ 
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V o J 



o 1, 



o c p, 



1 



w 
t°\ 




V i / 



(3.5.3) 



These four states and the identifications we have indicated on their RHS are of course 
consistent with the expression (3.3.5) since it is from there that we began our analysis. 
What we mean is that from (3.5.3) we obtain that the generic form 

il>(tp, c) = Mv) ■ 1 + M<p) ■ c q + M'P) ■ <? + M<p) ■ ^ ( 3 - 5 - 4 ) 



can be identified with the 4-vector: 



\ 



4>(<p,c) 



4>o{<p) 

l/>p(<P) 



(3.5.5) 



that is just the RHS of (3.3.5). An important thing to underline is that, once we 
have fixed the matrix representation of the Grassmann operators, the representation 
of the states must be derived by consistency. Therefore the choice (3.5.1) implies that 
we have to order the components of the generic form ip in a very peculiar way. For 
example to make the identifications (3.5.3) we have used the following empirical rule: 
we have indicated the lacking of a Grassmann variable with respect to the reference 
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string c p c q with the vector ( J J and its presence with f ^ J . For example c p has the 
first Grassmann variable present and the second lacking, so it has to be identified with 

1 ) ^ ( ) US ^ e same ru ^ e * n ^ e case °^ ^ degrees of freedom 

(n = 2), i.e.: <^ a = {p\ q\p 2 , q 2 ), c a = (c p \ c q \ c™ , c 92 ) , c a = (c P1 ,c n ,c P2 ,c q2 ). The basis 
of the zero-forms is given by the following vector with 16 components: 



(3.5.6) 



For reasons of space we have not written down explicitly the 16-components vector. We 
have indicated it with (5^1 which means that it has an element 1 in the first position and 
all the other 15 elements equal to 0. For the one-forms we have instead: 

^^*( J)®(J)®(J)®(!)=*,2 

d» = d Pa &( l)= Si, 3 



^ J \ J \1 J \ o f 

^^(i)®(?)®(i)®(i)=*,5 

c Pl = d Pl * ( J ) ^ ( I ) ® ( I ) ( J ) = 5 h9 . (3.5.7) 

If we perform explicitly the previous tensor products we obtain four 16-dimensional vec- 
tors with all the elements equal to except for one element equal to 1 placed respectively 
in the second, the third, the fifth and the ninth position. Here we note one defect of the 
representation we have introduced: the components of the one-form are scattered inside 
the 16-dimensional vector and they do not form a unique block of adjacent components, 
from the second to the fifth one, like it happens for n = 1. 

Now, having represented the states as tensor products, it is quite evident the reason 

a (-) a (+) 

why all the Grassmann algebra can be reconstructed starting from — — , — ^— and a z . In 
fact — ^— plays the role of the operator of multiplication by c: 

(3.5.8) 

) c - c = 0. 

while — ^— plays the role of c which is the derivative operator with respect to c: 

o iwn ro\ a 












!)■ 


(i 









h- > 







o o/ V o j \ o j dc 

(3.5.9) 

o 1 M i) = (l) ^ Wc c = l - 
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In (3.5.1) also the matrix o z made its appearance and the reader may wonder on which is 



its role. Actually a z allows us to give to the states 



and 



the grading factors 



that we have to introduce for the anticommutativity of the Grassmann variables. In fact 



the state 



must be Grassmannian even in order to represent "1", while 



must be Grassmannian odd in order to represent "c". The matrix o~ z gives exactly the 



correct grading factor to the vectors 



and 



0~z 



a. 



Just to give an example the representation of the equation c g [(fc q ] 
in terms of Pauli matrices in the case n = 1 is: 



(3.5.10) 

d 

— (cP c i) = - C P 

dcfl { ' 



a 



(+) 



0~ 2 



a 



(+) 



(3.5.11) 



Note that the matrix a z is crucial in order to reproduce the minus sign on the RHS 
of (3.5.11). That minus sign was there in the original equations written in terms of c 

d 

because the derivative — — had to go through a Grassmannian odd variable c p before 



acting on c q . 



del 



3.6 Cartan Calculus and Pauli Matrices 

With the tools developed in the previous section, we can now generalize to more than 
one degree of freedom what we did in Sec. 3.4, i.e. we can write down all the operations 
of the Cartan calculus via Pauli matrices. 

• Exterior Derivative. The exterior derivative d = c°<9 a is a linear operator in the 
variables c. From (3.5.1) its matrix representation is given by: 

2n 2n 

d = E = ^ = E^)^" 1 ® V 9j {1)mn ~ j ■ (3 - 6 - 1} 

o=l j=l 

• Form Number. From the tensor representation (3.5.1) of c and c it is very easy to 
find the expression of Qf in the general case: 

2n 2n 

Qf = E^ = E^ • ® V • V ® W® 2n - j - (3-6-2) 



2 2 



a {+) /0 0\ 1 

Since a z • a z = 1 and • = I I = -(1 — a z ) we can rewrite Qf as: 

2 2V 01 / 2 

,-1 o 1 



a (-) a (+) 




2 2 
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2n 
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= E P ^ = 


= E( 


3=1 





2 (l-a z )(8)(l)»^. (3.6.3) 
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We call Qf the form number because every homogeneous form of degree p is an eigenstate 
for the matrix Q j with eigenvalue p. 

• Interior Contraction. In the case n = 1 the interior contraction with a vector 
field was given by i v = V^c q + V p c p . In general we have: i v = V J Cj whose matrix 
representation is given by: 



2n 



3=1 



(3.6.4) 



In the particular case of a Hamiltonian vector field h? = u jk dhH we obtain: 

2n 



j,fc=i 



(3.6.5) 



• Lie Derivative along the Hamiltonian Flow. It is easy to represent the Lie 
derivative along the Hamiltonian flow as a matrix starting from the matrix representation 
of the exterior derivative d, (3.6.1), and of the interior contraction with a Hamiltonian 
vector field, (3.6.5). In fact such a Lie derivative is given by the anticommutator of d 
and Lh [9]: 



£(l)«W-i 
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(i)® 2n - k uj jl diHd k 
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+ ^(l)^" 1 <g> a z ■ ^ ® (a*)®*"' -1 ® ^ ® (l)® 2n ~ V'd^tf 



j>fe 

Using the anticommutation relations 
in the more compact form: 
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, cr- 



-fc-1 



(T 
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(-) 



cr 2 (g) (cr 2 ) 



®j-fe-l 



cr 



(+) 
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(7 



(-) 



, <7, 



£ fe = (u, ab d 6 tf<9 a )(l)®^ + 



(g)2n 



(3.6.6) 

(X)®Zn-j u 3l dlHdk 

> {!)® 2n -iu jl d k diH 
= we can write (3.6.6) 
(3.6.7) 



^(l)^-i ® ® (a 2 )® fc - 1 ^' ® ^ ® (1)®" • i^'a^if 



(-) 



j<fc 



r(-) 



a 



(+) 



(l)®2n-j . uJ^dfikH. 



It is easy to realize that (3.6.7) is just i times the matrix representation of TL: 

C h = iH = uj ab d b Hd a l mn -%J l 8id k H^. (3.6.? 
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To prove (3.6.8) it is sufficient to insert in H the usual matrix representation (3.5.1) 
for the Grassmann operators c, c. This confirms that the operator 7i of (1.1.18) which 
appears in the weight of the CPI is nothing more than the Lie derivative along the 
Hamiltonian flow. 

• The Adjoint of d and the Laplacian. The expression of 5 in terms of Grassmann 
variables: 5 = —Cjdj can be translated into Pauli matrices using (3.5.1): 

2n 



r(+) 



8 = -cjdj = - J>^ _1 ® U — d 3 ® (!) 

3=1 



-3 



(3.6.9) 



This is the expression of b for an arbitrary number of degrees of freedom n. It is possible 
to prove that d and S are nilpotent. Let us check that for the exterior derivative d: 
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-I + 



(3.6.10) 



where we have used respectively the fact that: 



r(-) 



1) the terms with j = k do not contribute to the sum since — — is nilpotent; 

2) j and k are dummy indices and so they can be interchanged; 



3) 



a 



(-) 



0. 



With an analogous calculation one can prove that 5 2 = 0. Because of this the Laplacian 

turns out to be just the anticommutator of d and 5: A = (d + 5) 2 = [d, <5]+. Therefore, 
using the matrix representations of d and 5 we have: 

r(-) __ . „ _, . 
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(3.6.11) 
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In the notations of the CPI A becomes the following positive definite operator: 

2n 

A = ® IX 2 ® (l)® 2n ^'. (3.6.12) 

3=1 

• Other Symmetry Charges of the CPI. In the CPI some other charges were found 
which had also a clear geometrical meaning [5]. For completeness we will write down 
here their expressions in terms of Pauli matrices: 

2n 



Q = £ a u ab d b = £ (a,)®*- 1 —^ l d l ® (i; 

3,1=1 

1 ™ 



1=1 



E 

i=i 

n 

Ed 

n 

Ed 



i-l) 



(-) 



(1) 



®2(n-i)+l 
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i-l) ® E^ ® ® (i)®2(n-i) 



ra— i) 



(3.6.13) 
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3=1 
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2n 2n 



3.7 Irreducible Representations of the Algebra of the Sym- 
metry Charges 

It is well-known, see [5], that the charges Qf,K and K form an algebra which is, modulus 
a central extension, an Sp(2) algebra: 



[Q f ,K]_ = 2K 
[Q f ,K\_ = -2K 
[K,K]_ = Q f -l. 



(3.7.1) 



It is easy to check that the 4x4 matrices K,K,Qf defined in (3.3.13) satisfy (3.7.1). 
Since the matrix l 4x4 commutes with K and K it is also possible to throw away the 
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central extension of the algebra by replacing Q j — > Q j — l 4x4 . What we want to prove 



now is that the Sp(2) algebra can be reproduced via the 2x2 matrices 
used several times in the previous sections. In fact: 



a 



(+) 
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(-) 



,cr z 



<7<-> 
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-2 
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(+) 



-2 
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(3.7.2) 







From (3.7.1) and (3.7.2) we have that it is possible to reproduce the Sp(2) algebra, with- 



K 



a 



(-) 



Furthermore 



out any central extension, by identifying Qf = a z , K = 

the only 2x2 matrices commuting with the 3 generators of Sp(2) are those proportional 
to the identity. This confirms that the representation we found is irreducible. We note 
however that, while we can look at the generators of Sp(2) as 2 x 2 matrices, the same can- 
not happen for the charges Q and Q. For example it is impossible to find a 2 x 2 matrix Q 
which satisfies the relation [Qf, Q]_ = Q. Therefore if we want to extend Sp(2) including 
all the other symmetries of the CPI and finding non trivial representations of the algebra 
then we have to consider 4x4 instead of 2 x 2 matrices. For sure the matrices (3.3.13)- 
(3.3.15) whose entries are operators satisfy the correct algebra of the symmetry charges 
of the CPI. What we want to prove now is that it is possible to find an irreducible repre- 
sentation in terms of 4 x 4 matrices whose entries are just real numbers. Let us consider, 
as independent charges, Q = ic a X a , Q = ic a uj ab \b, —iN = —ic a oj ab dbH, iN = ic a d a H. 
They are conserved charges and among them the only anticommutators different from 
zero are: [Q,—iN] + = [Q,iN] + = TC. Since TC is a Casimir for the whole algebra the 
irreducible representations will be labeled by its eigenvalues h. Using the results of 
the Appendix of [40] we can start by considering two basis vectors ei,e2 to represent 
the subalgebra [Q,—iN] + = H and two basis vectors /i,/2 to represent the subalgebra 
[Q,iN] + =H: 

Q ei = v^e 2 , -iNei = 0, iN h = Vhf 2 , Qfi = 0, 

Qe 2 = 0, -iNe 2 = \fhe 1 , iNf 2 = 0, Qf 2 = Vhfi- (3.7.3) 

A basis to represent the algebra of Q, Q, iN, —iN, 7i is given by: F\ = ei/i, F 2 = e±f 2 , 
^3 = e 2fi, Fa = 62/2- According to our conventions e\ and j\ are Grassmannian even 
while e 2 and f 2 are Grassmannian odd. Consequently F\ and F4 are Grassmannian even 
while F 2 and F3 are Grassmannian odd. The matrix representation of Q is given by: 



QF l 
QF 2 



(Qei)fi 
(Qei)f 2 



Vhe 2 fi 
"/he 2 f 2 
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VhF 4 
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V 



4 












°\ 




















Vh 





0) 



(3.7.4) 
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Fig. 3.1: Representation of the CPI charges. 



In the same way we can find the matrices associated to the other symmetry charges: 



-iN 



iN 





(° 





Vh \ 




(° 


Vh 




^ 












Vh 



, Q = 














-Vh 




Vo 





J 











o / 







0\ 




fh 









Vh 








, n = 





h 





















h 







\ o 





-Vh Oj 




Vo 





h) 





(3.7.5) 



Considering the algebra of (3.7.4)-(3.7.5) the only anticommutators different from zero 
are: [Q, —iN] + = [Q,iN] + = TL. Among these 4x4 matrices there is enough space also 

for the charges Qf = c a c a , K 



1 i 

-cu ab c a c b and K = -uj ab c a c b : 



Qf 



K 



/0 0\ 

10 

10 

\0 2/ 

/0 0\ 





\1 0/ 



K 











1\ 


























Vo 








0/ 



(3.7.6) 



In (3.7.6) we have found again the matrices of (3.3.13). The novelty is entirely contained 
in Eqs. (3.7.4)-(3.7.5) since there we have matrices whose entries are real numbers 
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instead of operators. All the matrices we have defined here satisfy the correct algebra 
of the symmetry charges of the CPI, which can be found in the original papers [5] or 
in (3.3.14). It is possible to prove that the only 4x4 matrix that commutes with all 
the symmetry charges of the theory is given, modulus a proportionality factor, by the 
identity matrix. Therefore the representation we have found is irreducible. So, in order 
to construct a non trivial irreducible representation of the symmetry charges of the CPI, 
we just need 2 Grassmannian even states (F\ and F4) and 2 Grassmannian odd states 
(i<2 and F3). All these 4 states can be connected each other by means of the symmetry 
charges as it emerges from Fig. 3.1. For example the charges Q and N which increase 
the form number by one allow us to go from F\ to (F2, F3) and from (F2, -F3) to F4. The 
charge K which increases the form number by 2 allows us to go from F\ to F4 while in 
the opposite direction we can go via K. 



Appendix to Chapter 3 



3.A Proof of (3.5.2) 

In this Appendix we want to check explicitly that the Grassmann algebra can be repro- 
duced in terms of tensor products of Pauli matrices, i.e. we want to prove in detail Eq. 
(3.5.2). First of all we want to prove that all the c anticommute. If we take two indices 
k and I with k < I we have that: 



^ = 1 <g> 1 <g> 



a 



(-) 



-a, (3a z (3 a z 



a 



(-) 



)1<8 ■ ■ ■ <8 1 



(3.A.1) 



while 



^c* = 1 <g> 1 



r(") 



1 <8> a* 



a 



(-) 



1. 



(3.A.2) 



Therefore the anticommutator is given by: 



1 <8) 1 



(7 



(-) 



Dcr z a z 



a 



(-) 



1 (3.A.3) 



and c* and anticommute because 



a 



(-) 



0. If instead we take k = I we have: 



3*2* = 1 <8> 1 



r(") 



(3.A.4) 



and c^c* = because 



(-) 



= 0. The proof that all the c anticommute is the same 



as the previous one with a { ' replaced everywhere by cr (+) . 

The only thing that remains to be proved is the result of the anticommutator of c 
with c. If k < I we have 



(Tci = 1 (8) 1 (8) ... (8) 1 



(-) 



-cr 2 (K>cr 2 



(+) 



(3.A.5) 
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while 



qc* = l®l<g)...<g)l<g) o- z —y- ®o- z ® Oz ® ■ ■ ■ 



(7 



(+) 



1. 



(3.A.6) 



Therefore from 



cr 



(-) 



we get that [c k , q]+ = 0. If > Z we have 



C*?| = 1 1 



1 (g) (7, 



(7 



(+) 



a 



(-) 



and 



= 10 1 



a 



(+) 



2 

fc 

(-) 



■■■01 



(7 



2 

A; 



So from 



a 



(+) 



(3.A.7) 



(3.A.8) 



we have that [c^,q] + = 0. Finally if we take the same index 



k = I we obtain 



c fc c fc = 101 



CfcC* = 1 <g> 1 









2 




fc 


<7<+ 


> CT <-) 


J2_ 


2 



(3.A.9) 



from which we can derive 



[2 fc ,c fc ]+ 



1 (8) 1 



a (-) a (+) 



2 ' 2 



where we have used the fact that: 



<7<-> <7 (+) 



2 ' 2 



1. 



(3.A.10) 



4. Hilbert Space Structure with 

Forms: I 



Gentlemen: there 's lots of room left in Hilbert space. 
-Saunders MacLane. 

In the previous chapter we have shown that the Classical Path Integral, with all its 
auxiliary variables, provides a generalization of the original KvN theory and it provides 
a lot of interesting geometrical structures. In this chapter we want to study more in 
detail the Hilbert space underlying the CPI. In particular we shall show that, while the 
Hilbert space of zero-forms can be endowed with a positive definite scalar product and 
a unitary evolution, the same cannot be done when we include higher forms. In this last 
case we explore all possible scalar products and prove that for those which are positive 
definite the evolution is not unitary. Vice versa in all the scalar products for which the 
evolution is unitary there are some states with negative norms. This feature is due to the 
Grassmannian nature of the forms but it appears only in classical mechanics. It is known 
in fact that in a similar structure, which is supersymmetric quantum mechanics, there 
can be scalar products compatible with both positive norms and unitary evolutions. The 
content of this chapter with many further calculational details can be found in [14]. 



4.1 The Salomonson-van Holten Scalar Product 

As we have already seen in the first chapter, in order to endow their space with a true 
Hilbert structure, KvN used the following scalar product: 

<V|$> = J ckprifMf)- (4-1.1) 

Under this scalar product all the states have positive definite norms and the Liouville 
operator L is Hermitian. This is necessary in order to guarantee the unitarity of the 
evolution operator which is given by U(At) = e~ lLAt . As it is well-known the unitarity 
of the evolution is crucial in order to guarantee the conservation of the total probability. 
The question we want to address now is whether the space of higher forms ip((p, c) can 
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also be endowed with a positive definite scalar product under which the operator of 
evolution TL is Hermitian. 

The first scalar product we shall explore in this section is the one proposed by Sa- 
lomonson and van Holten in [13] for super symmetric quantum mechanics (susy QM). 
Their Hamiltonian is similar to our H because both have "bosonic" degrees of freedom 
(ip a ) and Grassmannian ones (c a ), which are turned into one another by a super symmetry 
invariance [12]. The differences instead are mainly in the fact that the Hamiltonian of su- 
persymmetric QM, like every good quantum Schrodinger-like operator, contains second 
order derivatives in the kinetic term, while ours, like every good classical Liouville-like 
operator, contains only first order derivatives. 

The basic operators of the CPI can be divided in the following two sets: 

(q,\ q ^>%) 5 (4-1-2) 

The operators in the first set commute with those in the second one according to the 
graded commutators (1.1.17). Therefore we can concentrate for a while on the first set. 
The strategy we shall follow is to choose some hermiticity conditions for these operators 
and the normalization of one of the basic states [13]. These conditions will be sufficient 
to build a complete basis and the scalar product which reproduces the chosen hermiticity 
conditions. For the bosonic variables (ip a ,X a ) we choose, once and for all, the following 
hermiticity conditions: 

which are consistent with the first of the commutators (1.1.17). For the Grassmann 
variables c 9 and c q , because of the anticommutator present in (1.1.17), we could choose 
various hermiticity properties. Here we impose: 

[%J (4X4) 

which are the analog of the hermiticity conditions used by SvH in [13]. Next let us start 
building a basis for our Hilbert space. First we define the state |0— ) as 

8 9 |0-)=0. (4.1.5) 

Such a state must exist because if we take a generic state \s) such that c^s) 7^ 0, then 
the following state |0— ) = c^s) has precisely the property (4.1.5). From |0— ) it is easy 
to build the complete set of eigenvectors of c 9 which are: 

\a-) = e" a ^|0-) = (1 - e£ q )\0-} = |0-> - a\0+). (4.1.6) 

Using the anticommutator [c 9 , c q ] = 1, it is in fact easy to show that 

&\a-)=a\a-) (4.1.7) 

where a, due to the "Grassmannian" nature of c 9 , is a Grassmannian odd parameter. 
The state |0+) which appears in (4.1.6) is defined as: 

|0+)=^|0-). (4.1.8) 
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Note that |0+) cannot be zero, otherwise we would end up in a contradiction; in 
fact, if |0+) were zero, we would get <? ? |0+) = 0, and this cannot be true because 
c 9 |0+) = c?c q \0— ) = [c^CgjlO— ) = |0— ) which is a non-zero state. Via |0+) it is easy 
to build the eigenstates of c q . In fact, using the anticommutation relation (1.1.17), it is 
easy to prove that the states 

= e -^|0+) = (1 - 0&)\O+) = |0+> - f3\0-) (4.1.9) 

are eigenvectors of c q with eigenvalues (3: 

%\P+) = P\/3+). (4.1.10) 

Among the plethora of states that we built we have to choose a basis for our vector space 
by diagonalizing a Hermitian operator. Thanks to the hermiticity conditions (4.1.4), it is 
easy to see that the operator N q = c?d q is Hermitian. Moreover it is a projection operator 
which implies that it has only 1 and as eigenvalues. The corresponding eigenstates are 
just |0-) and |0+). In fact: 

Ago-) = c^|o-) = [c^]|o-) = |o-> l 

Ag0+) =c^|0+) =0. 

So |0— ) and |0+) make a basis for our space. The careful reader may object that the 
eigenstates (|0+), |0— )} of a Hermitian operator are a basis of the Hilbert space only if 
the scalar product is a positive definite one. We shall see in (4.1.26) that this is just the 
case of the SvH scalar product and so we can proceed. 

Up to now we have not given any scalar product but only some hermiticity conditions 
like (4.1.4). To obtain the scalar product, which would reproduce those hermiticity rules, 
the only extra condition we have to give is the normalization of |0— ), which we choose 
to be 

<— 0|0— > = 1. (4.1.12) 

As a consequence of this we get 

(+0|0+) = 1, (+0|0-)=0. (4.1.13) 

Using the following von Neumann notation for the scalar product: ^|a±), |/3±)^ = 
(±a|/3±) we have that the relations (4.1.13) can be proven in the following manner: 

(|0+>,|0+>) = (\\0-),\\0-)) = (|0-),c^|0-)) = 

= (|0->, fi>,%] + \0-)) = (|0->, |0->) = 1; (4.1.14) 

(|o+),|o-)) = (^|o->,|o->) = (|o->,a»|o->) = (|o-),o) =o. 

So {|0+), |0— )} form an orthonormal basis. As, according to (4.1.4), c 9 and c q are 
not Hermitian operators we cannot say that their eigenstates \a— ) and \(3+) make up 
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an orthonormal basis for our Hilbert space. Nevertheless it is interesting to study the 
relations among these states. For example it is easy to prove that 



= - ! dae a/3 \a-} 
|7-) = -/ dPe^\/3+) 
while the scalar products among them are given by: 

' (|o±>,|/?±>) =e a *P 



(4.1.15) 



^ (|a±),|/3=F>) =±6(a*-0). 



(4.1.16) 



With \a— ) and \(3+) it is possible to build the following "twisted" resolutions of the 
identity: 

-J da\a±)(Ta*\ = 1. (4.1.17) 

We call them "twisted" because the bras and kets have the "+" and "— " signs inter- 
changed. 

Since |0+) and |0— ) form a basis of our Hilbert space, the completeness relation can 
also be written as: 

|0+)(+0| + |0-)(-0| = 1. (4.1.18) 



It is easy to prove that (4.1.17) and (4.1.18) are equivalent. In fact let us remember the 
relations: 

J \ a -) = |0-) -a|0+) 
I \(3+) = \0+)-P\0-) 



\ <-a| = (-0|-a*<+0| 
\ (+p\ = (+0\+P*(-0\ 

and let us insert them into the LHS of (4.1.17). What we get is 



(4.1.19) 
(4.1.20) 



1 = - J da\a+){-a*\ = - J da{ (|0+) - q|0-)) ((-0| - a(+0|) } = 

= - J da{\0+)(-0\ -q|0-)(-0| -a|0+)(+0|} = |0— >< — 0| + |0+)<+0| 

(4.1.21) 

which is exactly (4.1.18). For our resolutions of the identity we can either use (4.1.18) 
or (4.1.17). For example we could use the last one to express a generic state in the 
following manner: 

= - J da\a—){+a*\ip) = - J da\a-)(ip + ipi<x) = 

- - J da(\0-) - a|0+)) (^o + o^i) = ^o|0+) +^i|0-). (4.1.22) 
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Similarly to what happens in ordinary QM, where (q\ip) = ip(q) is a function of q, the 
projection of the state |Y>) onto the basis of the eigenstates (+a*\ is given by a function 
of the Grassmannian odd number a: 

<+a*|V) = V'(a) = fo + fact. (4.1.23) 

As we want to reproduce the forms whose coefficients ipo(<p), ^(v 9 ))--- are complex 
functions we will make the choice that ipo and ipi in (4.1.23) are complex numbers. 

Making use of (4.1.22) and of the scalar products (4.1.12)-(4.1.13) among the states 
(|0+), |0— )}, it is very easy to derive the expression of the scalar product between two 
generic states |<5) of the theory: 

<$|V> = (|<t>),|Y>)) = ($o|0+)+$i|0-),Vo|0+)+^i|0-)) = 

= (|0+>, Wo|0+>) + (|0-),$^ |0+)) + (|0+),^Vi|0-)) + 

+ (|0->, ^Vi|0-)) = $oV>o + ^i- (4.1.24) 
We can also express (4.1.24) in terms of integrations over Grassmann variables: 

($|^) = J drida*e atri ^*(a)ij(ri). (4.1.25) 

From the previous relation it is also easy to obtain the expression of the norm of a generic 
state |Y>): 

(Y#> = iVol' + IV'il 2 > 0. (4.1.26) 

Up to now, in all our expressions, we have explicitly indicated the dependence only 
on the Grassmann variable c q , but we know that the basic operators of the CPI (4.1.2) 
were many more. Considering for example those contained in the first set of (4.1.2), i.e. 
(q, X q , c 9 , c q ), we see that our basic states should include also a dependence on q (if we 
choose the q representation): 

\q,a+) = \q) ® |a+) 

\q,P-) = \q)®\P-)- (4-1.27) 

The variables X q and c q are the momenta conjugated to q and c q and so they would 
appear in the wave functions only in the momentum representation that for the moment 
we do not consider. If we include q in the completeness relations (4.1.17) then we obtain: 



dadq\q,a±)(Ta*,q\ = 1. (4.1.28) 
Moreover the expansion (4.1.22) becomes: 

W) = ~ J dadq(\q,0-) - a\q,0+)^(^ o (q) + afafa)) = 

= Jdq[ifo(Q)\Q,0+)+Mq)\Q,0-)] ( 4 -l-29) 



102 



4- Hilbert Space Structure with Forms: I 



and as a consequence the scalar product (4.1.26) turns out to be 

<V#> = J dg[|^o(?)| 2 + |^i(g)| 2 ] >0. 



(4.1.30) 



Next we should start including the variables of the second set in (4.1.2), i.e. (p, X p , 
<?, c p ). As these operators commute with those of the first set things are not difficult. 
Regarding the Grassmann variables we should impose on TP the following hermiticity 
conditions: 



v 
7?. 



(4.1.31) 



Then we define a new state |0— , 0— ) as 



c^O-O-) = 
cP|0-,0-) =0 



(4.1.32) 



where the first "0—" in |0— , 0—) is associated to c q and the second one to c p . Analogously 
to (4.1.8) we can define also the following other states 



' |0+,0-> = ^|0- 0-) 

|0-,0+) = — %|0— , 0— ) 
k |0+,0+) = -%%\0-,0- 



(4.1.33) 



The reason for the "— " sign in front of the c p on the RHS of (4.1.33) is because of the 
Grassmannian odd nature of the first "0—" in the state |0— ,0— ). These signs are the 
only things we should be careful about when we deal with a great number of Grassmann 
variables. Analogously to (4.1.6) we can construct the simultaneous eigenstates of c 9 
and <?: 

\ctq-, Op-) = e-^-^lO- 0-), (4.1.34) 
the simultaneous eigenstates of c q and c p : 



-A^-A>2 p | +,0+) 



(4.1.35) 



\P q +,Pp+) =e 
but we can build also mixed states like: 

\<* q -,Pp+) = e - Q ^-^|0-,0+). (4.1.36) 

Like in the case of one Grassmann variable, imposing the normalization condition 

<— 0, — 0|0— ,0— > = 1 (4.1.37) 

and using the hermiticity rules (4.1.4)-(4.1.31) we get the scalar products among all the 
states. So for example we get that the other scalar products different from zero are: 



(|0+,0->,|0+,0->) = 1 
(|0- 0+>,|0- 0+>) = 1 



(4.1.38) 
(4.1.39) 
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0+,0+),|0+,0+) 1=1. (4.1.40) 



We can also easily derive the scalar products among the states (4.1.34) and (4.1.35). For 
example: 

(\a q -, a p -), \(3 q -,(3 p -)^j = exp[a*(3 q + a*/3 p ] 

(\a*+, «;+), |/3,-, /3 p ->) = 5(a q - (3 q )8(a p - (3 P ) (4.1.41) 
(\a* q -, a*-), |/3,+, /? p +)) = -«5(a g - (3 q )5(a p - (3 P ). 

In the case of more than one Grassmann variable, the round brackets ), | which 
indicate the scalar product, are turned into the Dirac notation as follows: 

(\a q ,a p ),\/3 q ,/3 p fj = (a p ,a q \(3 q ,(3 p ). (4.1.42) 

This indicates that to pass from the bra to the ket it is necessary to invert the order 
of the entries for the q and the p. Otherwise if we interpreted for example the scalar 
product (\0 q — , P +), \0 q — ,0 P +)^ as (— 0,, +0 p \0 q — , P +) and not as in (4.1.42), then we 
would end up in the following contradiction: 

(-0„+0 p |0 ? -,0 p +) = (-0 9 ,-0 p |c p (-c p )|0 9 -,0 p -) = 

= - (-0,,-OplO,-, p -> = -1 = -(|0,-,0p+),|0,-,0 p +)). (4.1.43) 

We have now all the ingredients to write down the "twisted" resolutions of the identity 
analog to (4.1.17). They are 



da q da p \a q +, a p +)(—a*, — a*\ = 1 

J da p da q \a q —,a p —)(+a p ,+a*\ = l. (4.1.44) 

It is easy to prove that the LHS of (4.1.44) turns out to be equal to 

|0+,0+)(+0,+0| + |0-,0+)(+0,-0| + |0+,0-)(-0,+0| + |0— ,0— ><— 0, — 0| (4.1.45) 

and this is clearly equal to 1 because it is made of the projectors on the 4 states: 

|0+,0+), |0-,0+), |0+,0-), |0— ,0— > (4.1.46) 

which are a complete basis in the case of 2 Grassmann variables c q and cP . The proof 
that they are a basis is analogous to the one presented in (4.1.11): as we have seen also 
in Sec. 3.3, in the case of a 2-dimensional phase space we can build two commuting 
Hermitian operators: 

J N q = c^ q 

[N p = ^5 p (4 ' L47) 
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and the states (4.1.46) are just the eigenstates of N q and N p with eigenvalues (0,0), 
(1,0), (0,1), (1,1) respectively: 

' Ago+,o+) = o, Ago+,o+) = o 

Ago- 0+) = |0- 0+), N p \0- 0+) = o 

N q \0+,0-) =0, iV p |0+,0-) = |0+,0-) 

{ Ago-o-) = |0— ,0— >, N p \0-,0-) = |0-,0-). 

If we had diagonalized only N q we would not have had a complete set of operators because 
the states |0— ,0— ) and |0— ,0+) have the same eigenvalue with respect to N q . The 
degeneracy is completely removed by diagonalizing another Hermitian and commuting 
operator like N p and so N q and N p make a complete set of operators 1 . 

The next thing we are going to prove is that the SvH scalar product is positive definite 
in the general case of a system with 2n Grassmann variables. For n = 1 let us write the 
second of the completeness relations (4.1.44) as follows: 



/ 



dpdqd(?dc q \q,p,c q -, (?-){+(?*, +c q *,p,q\ = 1 (4.1.49) 



where we have denoted with c q and c p , rather than a q and a p , the eigenvalues of c 9 and 
7? and we have included the dependence of the wave functions also on p and q. Inserting 
this completeness relation into the scalar product ($\ip) between the states, we get 

= J dpdqdc p dc q mq,p,c q -,c p -)(+c p *,+c q *,p,q\ij) = 

= J dpdqdc p dc q ^* + (q,p,c q ,c p )^(q,p,c q ,c p ) (4.1.50) 

where 

f $ + (q,p,(*, ( ?) = {-<?,-<*,p,q\*) 

\^(q,p,c q ,cn^(+cV*,+c q *,p,q\iP). l '' ' 

The function ^_ depends on (q,p,c q ,c p ) and, because (c q ,c p ) are Grassmannian, it can 
only have the following form 

^_(g,p,<* <*) = ( +( ?*, + c q *,p,qW) = (4.1.52) 
= V>o(<7,£>) + i>q{q,p)c q + i} p {q,p)c p + i/j 2 (q,p)c q c p 

where ipo is the zero- form, ip q the coefficient of c q , vp p the coefficient of c p and ip2 is the 
coefficient of the two-form. Q + (q,p,c q ,c p ) instead is 

$+(q,P,c q ,cP) = {-c p ,-c q ,p,q\$) = 

dp'dq'dc p 'dc q '{-c p , -c q ,p, q\q',p', c q '-,c p/ -){+c p '* , +c q '*,p', q'\$) = 



*2(?,P) + *p(<?,P)c 9 * - $,(?,p)t?* - $ (<7,p)c 9 V* (4.1.53) 



1 N q and Af p have a Grassmannian nature and so the reader could doubt that the usual theorems on 
Hermitian operators hold for them and that the four states (4.1.46) really make a complete basis. To 
convince himself of that the reader can perform the long, but boring, calculation of checking (4.1.44) on 
all possible states of the theory. 
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where we have made use of the resolution of the identity (4.1.49) in the second step 
above and of the scalar product (4.1.41) in the third step. Inserting now (4.1.52) and 
(4.1.53) into (4.1.50) we get 

($|^) = J dpdqdc p dc q (§* 2 + <5>* p c q - <S>* q (? - %c p c q ) ■ (V>o + i> q c q + iip(? + ^ 2 c q c p ) = 

= J dpdq[$^ + ^ q + $;il> p + **M. (4.1.54) 

Using this equation we see that the norm of a generic state \ip) is: 



(m = J 



dpdq 



l^l 2 + l^l 2 + hM 2 + hH 



(4.1.55) 



This confirms that the SvH scalar product is positive definite. Note that for the zero- 
forms the SvH scalar product is reduced to the KvN one of (4.1.1). 

The derivation that we have presented here can be repeated for any number of degrees 
of freedom. The state becomes 

2n 

^ = -1 E Vv..a„»c ai c a2 . . . c a - (4.1.56) 
ml 

and the SvH norm turns out to be 

(m=Kj2 E / M^...aM\ 2 (4.1.57) 

{ ai }m=0 J 

where K is a positive number. The derivation is long but straightforward. 

All the construction we have done here is very similar to the one of SvH [13] but 
there is a crucial difference. The model examined by SvH is supersymmetric QM whose 
Hamiltonian is Hermitian under the SvH scalar product. The Hamiltonian of our model 
instead is not Hermitian under the same scalar product as we shall show below. In fact 
the operator which corresponds to the H of (1.1.18) can be written as: 

T~L = 'Hbos + T~tferm (4.1.58) 

where ^ ^ 

S - ~ , , 4.1.59 

i n ferm = ic a uj ab d b d d H^. 

Let us check the Hermitian nature of each piece: the bosonic part is nothing more than 
the Liouvillian and it is Hermitian also under the SvH scalar product. In fact: 

#L = &aU ab d b Hy = d b Hco ab X a = X a co ab d b H = 7i bos (4.1.60) 

where we have used the fact that, according to (4.1.3), X\ = A a . Now let us analyse 
the fermionic part W/ erm of the Hamiltonian. The SvH hermiticity conditions (4.1.4)- 
(4.1.31) for the Grassmann variables are the following ones: 

1 { P\ =X (4.1.61) 
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Next let us write Hferm as 

n ferm = iB a u ab d b d d H^ = i% a T^ (4.1.62) 

where T% = uJ ah d h d d H. Then 

{Hfer m ) ] = (^c^ = {-i){^)\^) d a (B a )t = -e Cd {^tc?. (4.1.63) 

So "Hferm would be Hermitian if J-^ = —T. As T is real, the relation = —T implies 
that T T = —T. Let us see if this happens by taking 

J-p = io qb d b d p H = io qp dpd p H = d p d p H (4.1.64) 

and comparing it with its transposed element 

7* = u pb d b d q H = uj pq d q d q H = -d q d g H. (4.1.65) 

We see that (4.1.64) and (4.1.65) are not the opposite of each other like it should be 
for Hferm to be Hermitian. Note anyhow that if we consider a harmonic oscillator with 

H = ^p 2 + ^q 2 , then T p = —T p and so H is Hermitian. This of course would not happen 

for a generic potential and this concludes the proof that TL is not always Hermitian under 
the SvH scalar product. 

Originally the CPI model was formulated directly via path integrals without deriving 
it explicitly from the operatorial formalism. In QM instead the path integral can be 
derived [28] by assembling infinitesimal time evolutions in operatorial form and inserting 
between them suitable resolutions of the identity We shall now do the same for the 
CPI and as resolutions of the identity we shall use the ones associated to the SvH 
scalar product. Before proceeding we should remember that, besides the Schrodinger 

d 

representation (1.1.32) in which (p a is a multiplicative operator while A a = — i— — is a 

d(p a 

derivative one, we can also have a sort of "momentum" representation in which A a is a 
multiplicative operator and (p a is a derivative one; the same happens for the Grassmann 
variables. So in this momentum representation we have: 

-a • 9 
= i 



Q Xa (4.1.66) 

9c a 

The "wave functions" in this representation would depend on A, c and the resolution of 
the identity involving A and c would be: 



d\ q d\ p dc q dcp\\ q , Xp,c q +,Cp+)(-c*,-c* q ,Xp, X q \ = 1 (4.1.67) 
to be contrasted with the one involving <p and c which is: 

dqdpdc p dc q \q,p,c q -,c p -)(+c p *,+c q *,p,q\ = 1. (4.1.68) 
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Using the two resolutions of the identity above and the SvH scalar product we will prove 
that the following kernel: 



K(f\i) = {+ ^, +c f^ f \e-^f-^4-^- 



(4.1.69) 



which is the transition amplitude to go from (</?j, c|, c?) to ({pf,Cj, c^), has the same path 
integral structure which led to the CPI [5]. So we can say that the Hilbert space structure 
of SvH leads just to the classical path integral. Later on we will prove the same also for 
the other types of scalar product which we will introduce. The reader may wonder why 
(4.1.69) is really the transition amplitude to go from (<pi,cf,4) to (<p f , Cj , c^) since the 
final bra in (4.1.69) is (+Cj* , + c /*> <Pf\- The reason is that this bra is the eigenstate of c q 
and c p with eigenvalues cj, Cj. The proof goes as follows. Let us start from the following 
relations: 

( ! 9lV?/ ' C "* + '^ +) = C Y\W' C 7 (4.1.70) 
| c p \ipf,cf+,c p f *+) = c p f *\ip f ,cf+,c p f *+) 

and let us perform their Hermitian conjugation with the rules of the SvH scalar product. 
We get 

r {+( ?;,+cf,cp f \v = c}(+cf,+cY^ f \ 

that is what we wanted to prove. 

Now, as it is usually done in QM, let us divide the interval tf — U in (4.1.69) into N 
intervals of length e, so that iVe = tf — U. The amplitude K(f\i) of (4.1.69) can then be 
written as 



(4.1.71) 



K{f\i) = +cf,<p f 



exp [— ieH] . . . exp [— ieH] 



Vi.c?-,cJ-). 



(4.1.72) 



N terms 



Let us then insert a resolution of the identity (4.1.67) in front of each exponential in 
(4.1.72) and a resolution of the identity (4.1.68) behind each exponential. We get the 
following expression: 



KUV) = (+ c /*' +c /*' :p /' 9 /l j II / d^qjdXpjdcgjdcp^qjdpjdc^dcj 

WA Pj ,Cq 3 +,c Pj +) ■ {-c* p .,-c* q:j ,X Pj ,X qj exp[-ieH] q :i .p. h c> -.<*-) 
■{+c p j *,+cf,p j ,q j \^\q i ,p i ,c q i -,c%-). (4.1.73) 

The subindex j on (q,p, X q , X p , c q , c p , c q , c p ) is the time label in the subdivision of the in- 
terval (tf — U) in N subintervals. There are various elements to evaluate in the expression 
above. We can start from the last one which is easy to evaluate: 



<+cr,+cr,Pi,?i|ft,Pi,c?-, cR = *(Pi -J*)%i - Qi)S(ci - 4)5{Jl - 4). (4.1.74) 
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Another element is 

(+Cj > + c j iVji > ^V,-i > + , C pj _ 1 +) = 

iPj^Pi-i + % A ?,-iJ , +cf 

*PAi-i + exp c?Q e ._ 1 + cfcp^, 



j 

exp 



(4.1.75) 



exp 



These expressions are the analog of the QM ones which link the momentum and space 
eigenstates and can be derived in the same manner using the operatorial expression 
(1.1.32) for X a and c a . The last element that we need in (4.1.73) is 



(4.1.76) 



exp 



-ieTC((pj, Xj, Cj, Cj 



exp 



c qj c q - + c Vi (?- 



exp 



Inserting (4.1.74)-(4.1.75)-(4.1.76) into (4.1.73) we get 2 



K(f\i) = J 



V/j, exp 



N 

j= i 



(<Pj+i ~ <Pj) 



N 



j'=i 



(Cj+l - Cj) 



TV 



3=1 



where the boundary conditions are: 
and where the measure is: 

N 



<Pf, 



CO = Ci, 



Cjv+i — Cj 



Vfi = ( dtpjdXjdcjdcj jdXidci. 

\j=2 



(4.1.77) 



(4.1.78) 



(4.1.79) 



This measure indicates that the initial and the final (</?, c) are not integrated over. The 
continuum limit of (4.1.77) can be easily derived: 



K(f\i) = / 



Vfi exp 



I 



dtC 



(4.1.80) 



and C turns out to be the Lagrangian in (1.1.16). This confirms that, via the scalar 
products and the resolutions of the identity of SvH (4.1. 67)-(4. 1.68), one gets just the 
CPI. 

We can summarize this long section by saying that with the SvH scalar product the 
Hilbert space of CM is a true Hilbert space in the sense that the scalar product is positive 
definite but unfortunately the Hamiltonian is not Hermitian even if the standard path 
integral for CM can be reproduced. 



2 In the formula below we have suppressed the index "a" on (ip a , \ a ,c a ,c a ). 
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4.2 The Gauge Scalar Product 

In this section we will study another scalar product which is the one typically used 
in gauge theories [39]; this is the reason why we will call it "gauge scalar product". 
Proceeding as in (4.1.3)-(4.1.4) for the SvH scalar product, we shall first "postulate" 
some hermiticity conditions for the operators of the theory and then derive the scalar 
product and the resolutions of the identity. For the bosonic variables we choose the same 
hermiticity conditions as in the SvH case 

while for the Grassmann variables we choose: 

r ^ =-&> 

H- ~ (4-2.2) 
{ c a = c a . 

This means that the Grassmann variables are Hermitian, differently from the SvH case 
(4.1.61). With this choice the Hamiltonian of the CPI turns out to be Hermitian. In 
fact from 

H = Hbos + 7~Lferm (4.2.3) 

we have that Hbos is Hermitian as it was in the SvH case (4.1.60) because it involves 
only the bosonic variables which are Hermitian both in the SvH (4.1.3) and in the gauge 
case (4.2.1). On the other hand it is easy to prove that also the 7Y/ erm of (4.1.59) is 
Hermitian. In fact: 

{H fer m ) ] = -A ab d b d d H5 a = it a uj ab d b d d H^ = H ferm (4.2.4) 

where in the second step of (4.2.4) we have used the anticommutation relations 

= St (4-2.5) 

together with the fact that uj ab dbd a H = 0. Therefore the overall Hamiltonian "H is 
Hermitian under the gauge scalar product and this is a first important difference from 
the SvH case where H was not Hermitian. We will next check whether the scalar product 
underlying the gauge hermiticity conditions (4.2.1)-(4.2.2) is positive definite, as in the 
SvH case, or not. 

Let us now perform all the steps necessary to implement the gauge scalar product 
in the case of a single Grassmann variable c and its conjugate c. Their algebra and 
hermiticity relations can be summarized in the following table: 



[c,c]+ = 1 
c 2 =t = 

7>t = r 



(4.2.6) 



As in the SvH case, let us define a state |0— ) by 

c|0-> = (4.2.7) 
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and a state |0+) by 

|o+)=B|o->. 

If we calculate the norm of |0+), we get: 



(4.2.8) 



(|0+),|0+)) = (g|0-), 6|0->) = (|0-), ^ 3|0->) = 



= (|0->, sa|0->) = (|0->,0- |0->) =0. (4.2.9) 



The same happens also for |0- 
(|0— >, |0— >) 



(c|0+>,c|0+>) = (|0+),? 2 |0+)) = 
(|0+>,0-|0+>) =0. 



(4.2.10) 



First we notice that, differently from the SvH case, neither of these norms can be chosen 
as we like; they are completely determined by the algebra given in (4.2.6). Second we 
notice that these states, which are different from the null state, turn out to be of zero 
norm: this is the first sign that the gauge scalar product is not positive definite. Then 
if we evaluate the following scalar product: 



<+0|0-> 



(|o+),|o- 

0-),c|0- 



B|o-),|o- 



0- 



->,c f |0-)) 



o-),|o+) =<-0|0+) 



(4.2.11) 



we discover that (+0|0— ) and (— 0|0+) are not determined by the algebra (4.2.6) and so 
we could choose them to be 1: 



<+0|0-> = <-0|0+) = 1. 
In this way the complete set of scalar products is the following one: 

' (|0+>,|0+>) =0 



(4.2.12) 



(|0->, |0->) = 
(|0+>,|0->) =1 
^ (|0-),|0+)) =1 



(4.2.13) 



Analogously to the SvH case let us now build the eigenstates of c and c which are 
respectively: 



10- 



10- 



a|0+) 



(4.2.14) 



l \a—) = e 

\ = e -^|0+) = |0+) - 0\O-). 

The gauge scalar products among these states can be easily worked out using (4.2.13): 

Ja±>,|/?±>) =T5(a*-P) 
'\a±),\(3T) 



(4.2.15) 
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These relations should be compared with the SvH ones which are given in (4.1.16). 

Next we have to build the resolutions of the identity analogous to the SvH ones 
(4.1.17). In the gauge case they become: 



/ 



da\a±){±a*\ = 1. (4.2.16) 



Note that the signs in the bra and ket are no longer "twisted" as they were in the SvH 
case. To prove (4.2.16) we have to test it on all the states we are interested in, i.e. \f3+) 
and |/?—). First let us start with \(3+) and the relation 

-J da\a+)(+a*\ = 1. (4.2.17) 

Applying the LHS of (4.2.17) on \(3+) we obtain: 

- J da\a+){+a*\(3+) = - J da\a+)(-)6(a - (3) = 

= J da(\0+) - a|0-)) {a -13) = |0+> - /3|0-) = \0+) (4.2.18) 

where in the first step above we used the scalar product (4.2.15). If we do the same for 
) we obtain: 

— J da\a+){+a*\/3—) = — J da\a+)exp(a(3) = 

= - j da(\0+) - a|0-)) (1 + af3) = |0-> - 0\O+) = \0-) (4.2.19) 

which proves (4.2.17). The proof is the same for 

-J da\a-)(-a*\ = 1. (4.2.20) 

Let us now find out which is the expression of the gauge scalar product between two 
generic states \ip) and |<J>). Using the resolution of the identity (4.2.20) we have 

= -J du\a-)(-a*\ip). (4.2.21) 

As {—Q*\ip) is a function of a, we can write it as (—a*\ip) = "01 + oap2- Inserting in 
(4.2.21) the expression (4.2.14) for \a— ), we get: 

W) = - J da(\0-) - a|0+)) (^i + a^ 2 ) = ^i|0+) + V2IO-). (4.2.22) 
Doing the same for (<E>| we get that the scalar product between two states |<&) and \ip) is 

= = ( < &iio+) + ^ 2 |o-),viio+)+v2io-)) =^i(io+),io+)) 

+$*^(|0+),|0-)) +$^i(|0-),|0+)) +$*v 2 (|o-),|o-)) = 
= $IV2 + $2^1 (4.2.23) 
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where in the last step we have used the scalar products (4.2.13). According to (4.2.23), 
the norm of the state ipi + aip2 is given by: 

= ^2 + ^2^1 = 2 Re f[^ 2 - (4.2.24) 

Differently from the SvH norms (4.1.26) the gauge ones (4.2.24) are not always positive 
definite. For example the zero- forms (i.e. states like ip = have zero norm and the 
same happens for the one- forms if) = afa. It is also easy to build negative norm states 
like for example: 

i{, = fa - faa, (4.2.25) 

for which HV'II 2 = -2|V>i| 2 - 

Having worked out all the details for the case of one Grassmann variable, we should 
now turn to the CPI where, for one degree of freedom, we have two Grassmann variables 
(c q , c p ). We can proceed along the same lines we followed for the SvH case: we derive all 

the scalar products from one choice of normalization, e.g. (jO— , 0— ), |0+, 0+)^ = i, using 

the hermiticity conditions (4.2.2) and the anticommutators (4.2.5) among the Grassmann 
variables. For example: 

(|o+,o+),|o- o->) = (-p p |0- 0->,c^|0+,0+>) = 

= (j0-,0->,-p g c^|0+,0+>) = (|0-,0->,-fo,#]&,cP]|0+,0+>) = 

= -(|0-,0->,|0+,0+>) =-i. (4.2.26) 

Using the same kind of calculation it is possible to prove that the only non-zero scalar 
products are: 

' (|0-,0->,|0+,0+>) =i 
(|0+,0+>,|0-,0->) =-i 
(|0- 0+>,|0+,0->) =-i 
(|0+,0-),|0-,0+)) =i. 
Then, as in the SvH case, we can build the following states 

\a q -,a p -) = exp[-a ? c ? - a p 5p}\0-,0-) (4.2.28) 
which are eigenstates of c 9 and 7? with eigenvalues a q and a p : 



(4.2.27) 



c^jckg , otp ) — ttplttg , CXp ). 



(4.2.29) 



The proof is the same as in the SvH case because it is based only on the commutation 
relations which are the same in both cases. Analogously we can build the states 

\0 q +,0p+) = expf-^c 9 - P p d 3 }\0+,0+) (4.2.30) 
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which are eigenstates of c q ,c p 



Cq\Pq + ,Pp+) = Pq\Pq + ,Pp+) 

%\P q +,(3 p +) = P p \P q +,f3 p +) 



and the states 



J \a q -,/3p+) = exp[-a q c q - p c p ]\O-,O+) 
\ \p q +, ap-) = exp[-p q & - a p %]\0+, 0-) 
which are respectively eigenstates of the following operators: 



&\a 



q i Pp~^~) G^l^g > @p~\~) 

c p \a q -,Pp+) = P p \a q - , (3 P +) 



(4.2.31) 
(4.2.32) 

(4.2.33) 
(4.2.34) 



I c q \P q +, a p -) = P q \P q +, a p -) 
\ ^\(3 q +,a p -) = a p \P q +,a p -). 

Next, we can calculate the gauge scalar products among all these states using (4.2.27) 
and the hermiticity relations (4.2.2). The results are: 



\a q -,a p -}, \P q +,Pp+) 
\a q , otp— ), | cVq, , /3p+) 
| ct q , Ctp ) , | f3 q + , otp ) 
I Oi q ,a>p / , | a q ,a p ) 
\P q +,(3 P +),\u q -,(3 p +) 
\P q +,(3p+),\P q +,a p -) 

\Pq + ,P P + ), \P q + , Pp + ) 

\Pq+,(3 P +), \a q -,a p -) 



■■ i ■ exp(a*f3 q + a*f3 p ) 
■-%■ 5(a*- a q )exp(a*f3 p ) 
- i ■ 5(a* — a' p )exp(a q P q ) 
-- i ■ 5(a* - a' q )5{a p - a' p ) 
i-5((3;-(3' p )exp((3* q a q ) 
i ■ 5(/3' q - /3*)exp(/3*Q p ) 

i.6(p;-p' q )5(p;-p' p ) 

■■ -i ■ exp(P*a q + 0*a p ). 



(4.2.35) 



Via these scalar products it is easy to prove the following resolutions of the identity: 

i J da q da p \a q ±,a p ±)(±a*,±a*\ = 1 (4.2.36) 

which should be compared with the SvH ones (4.1.44). 

Using (4.2.36) we can derive the scalar product between two generic states as in the 
SvH case, see (4.1.50)-(4.1.54). Let us first include in (4.2.36) also the variables ip or A 
as in (4.1.67)-(4.1.68). Written in terms of c and c these relations are 3 

i J dqdpdc q dc p \q,p,c q -,c p -)(-c p *,-c q *,p,q\ = 1 (4.2.37) 
i J dX q dX p dc q dc p \X q ,X p ,c q +,c p +)(+cl,+c* q ,X p ,X q \ = 1. (4.2.38) 



3 We have used the variable c instead of a in the ket \a— ) to indicate that this last one is an eigenstate 
of c with eigenvalue c. In the same way we have replaced \a+) with |c+). 
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Inserting the resolution of the identity (4.2.37) into the scalar product (?/>|<J>) we obtain: 



dqdpdc q dc p {ip\q,p, c q -, c p -){-c p *, -c q *,p, q\$) 
dqdpdc q dc p ip+(q,p, c q , c p )$_(g,p, c q , (?) 



where 



$-(q,p, («,<?) = (-<r,-(?*,p,q\&) =^o + $ g c q + <f> p c p + <f> 2 c q c p . 



(4.2.39) 



(4.2.40) 



Note that: 



i>+(q,P,c q ,c p ) = {-c p ,-c q ,p,q\i;} = 



= J dc q 'dc P '5{c P ' - C P *)5{c q ' - C q *) ■ (V>0 + TpqC q ' + ^ p C P ' + ifod 1 ' (?) 



= Vo + %C q * + - 4> 2 C P *C q *. 

Therefore the complex conjugate of ip + (q,p,c q ,c p ) is 

r+(q,p, c q , c p ) = % + r q c q + %c p - r 2 c q c p 

and inserting (4.2.42) into (4.2.39) we obtain: 
(V>|$> = i J d^dc q dc p [^ + cVg + c p Vp - c q c p 4>* 2 ] ■ [$ + $ q c q + ^ P c p + $> 2 c q c p } = 



(4.2.41) 
(4.2.42) 



= i 



(4.2.43) 



The presence of the factor in (4.2.43) is crucial in order to have a real norm. In fact: 

(V#> = i d<P V^O - V>2^0 + Tpp^Pq ~ = 



= 21m / dip 



V^O + i>* q i> P 



(4.2.44) 



From (4.2.44) we see that this is not a positive definite scalar product. Moreover the 
zero-forms have zero-norm. This means that the scalar product of KvN for the zero- 
forms is definitely not of the gauge type because the zero-forms in KvN had positive 
norm. 

The resolutions of the identity (4.2.37)-(4.2.38) are useful also in the derivation of the 
path integral. In the SvH case we proved that the resolutions of the identity (4.1.67) and 
(4.1.68) turned the operatorial formalism into the classical path integral. Let us now see 
what happens for the gauge scalar product. In this case the transition amplitude K(f\i) 
between an initial configuration (<Pi,cj[,(%) and a final one (ipf,c q ,Cj) becomes: 



K(f\i) = (-c^Vcf ^ / |e-^ t /- t <V ^ , C ^, C ^ 



(4.2.45) 
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The difference with respect to (4.1.69) is that the final bra is (— Cj*, — cj*, ipf \ and not 
{+Cj* ,+Cj* ,<Pf\- The reason is that the dual of the ket \c q — ,c p — ) in the SvH case is a 
bra of the form (+c p *, +c q *\ while in the gauge case is a bra of the form (— c p *, — c q *\. In 
fact starting from the relations: 

f v\v f ,cf -,<?;-) = c f 

{ r\<p f ,cj -,d} -} = dj \ipf,c) -,cT f -} 

and performing their Hermitian conjugation according to the gauge scalar product, we 
get 

r /_j>* _ r q * - /_j>* _ r q * Mf \ r i 

\ (-c?;,-cY,^ = (-c p ;,-cf, i p f \j ) f [ - > 

i.e. the bra {—Cj*, — c^* , tpf\ is just an eigenstate of c 9 and cP with eigenvalues cj and c^. 

Let us now slice the time interval (tf — ij) into iV intervals of length e like in (4.1.72) 

and insert a relation like (4.2.38) on the left of each operator e~ t7ie and one like (4.2.37) 
on the right. What we obtain is 

K ifV) = ( _c /*' _c /*>P/>9/l \ Y[ i2 / d\q j d\ Pj de qj dc Pj dq j dpjdc'!d(?j 

I \ 3 > X Pj > % + , c Pj +) • (+0*^ , +^ , X Pj , X qj | exp [-ieH] \q } , p s , c] - , d]-) 
i-cf-cf^q^p^-^-). (4.2.48) 

Using (4.2.35) the last term in the expression above gives 

(-cf*, -cr, Pl ,qi\qi,Pi,4-,4-) = iS( qi - qi )5( Pl - Pi )5(c\ - cj)5(c p - cf). (4.2.49) 

Via the integration in q 1 ,p 1 ,cj,c p the Dirac deltas identify qi = qi, p 1 = pi, c\ = c| and 
c\ = c? . Using again the scalar products (4.2.35) it is easy to evaluate the other terms 
in (4.2.48): 

( — Cj j — Cj ■,P'j-,qjWj- 1 -,^Pj- 1 -,Cq-_ 1 +,Cp j _ 1 +) = 

= ie^p[ip j X Pj _ 1 + iqjXq^expicjCqj-i + Cj^-J , (4.2.50) 

(+c* . , +c* 3 , X p . , X qj | exp [-ieH] \ qj , pj , cj- , d--) = 

= -i exp[-ieTC(j)]exp[-iX qj qj - iX Pj pj + c qj c q - + c Pj c^]. (4.2.51) 

The N factors "— i" and the iV factors "+«" which appear in the expressions above will 
get compensated by the 2N factors in the resolutions of the identity (4.2.37) and 

(4.2.38) we have used. The N resulting "— " signs can be absorbed by turning around 
the integrations in c q and c p : 

— J dqjdpjdcjdc P = J dqjdpjdd^dcj. (4.2.52) 
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So, combining all the pieces, the final result is 4 : 



K(f\i)=i J 



Vfi exp 



IE 



N 



where the boundary conditions are: 

= <Pi, Vn+1 = Pf, C = Cj, C N+1 = Cf 



and the measure is 



N 



(4.2.53) 

(4.2.54) 
(4.2.55) 



Vfi = ( Y\ difjdXjdcjdcj jdXidci 

which is identical to the measure of the SvH case in (4.1.79). Both measures can be 
turned, without any sign change, into the following one: 



N 



Vfi = dX qi dXp 1 dc qi dc Pl dqjdpjdX qj dX Pj dc q jdc qj dc^dc 

i=2 



(4.2.56) 



which is the one which originally appeared in the CPI [5]. Furthermore the discretized 
Lagrangian appearing in (4.2.53) goes into the usual £ of (1.1.16) in the continuum limit. 
All this confirms that also via the gauge scalar product we can reproduce the classical 
path integral. 

We can summarize this section by saying that in the gauge scalar product TL is Her- 
mitian, the CPI can be obtained from the operatorial formalism but the scalar product 
is not positive definite. 



4.3 The Symplectic Scalar Product 

The gauge scalar product which we explored in the previous section is not the only one 
under which 7i is Hermitian. In this section we will explore another one which has the 
same feature and whose hermiticity conditions are: 

ito a % 

(4.3.1) 

Because of the presence of the symplectic matrix LO ab in (4.3.1) we will call "symplec- 
tic" the scalar product which produces the hermiticity conditions above. Under these 
conditions the bosonic part of H turns out to be Hermitian as it was in the SvH case 




4 The factor V in front of the RHS of (4.2.53) is due to the normalization we have chosen: in fact for 
t f = U and / = i the K(f\i) in (4.2.45) is equal to "i" instead of "1". 
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p 

(4.1.60). If we take H = — + V(q), the fermionic part (4.1.59) can be written as 

7~tferm = iCgC? — ic p V"7? where V" = -^75- • Applying the hermiticity conditions (4.3.1) 
we get 



dq 2 



n 



t 

ferm 



-i{-ic q )(-icV) + i • ic p V"id 1 = icqd 3 - idpV"^ = H fe 



(4.3.3) 



i.e. also the fermionic part of TL is Hermitian. 

As usual let us now proceed by constructing a resolution of the identity and to find 
out the expression of the symplectic scalar product in terms of the components of the 
wave functions, as in (4.1.55) for the SvH case and in (4.2.43) for the gauge case. The 
vector space is the same as in the SvH and the gauge cases and is spanned by the four 
states {|0— , 0— ), |0-,0+), |0+, 0— ), |0+,0+)} defined in the usual way: 



f c^O-O-) =c p |0-,0-) = 
|0+,0-)=^|0- 0-) 
|0- 0+) = -gp|0- 0-) 
I |0+,0+) = c q \0-,0+) =%\\0-,0-). 



(4.3.4) 



As in the previous cases we can choose how to normalize one of these states. This time 
we choose the following normalization: 



|0+,0+),|0+,0+)J =1. (4.3.5) 
From this and (4.3.4) one can easily obtain that the only non-zero scalar products are 



(4.3.6) 



0-,0+),|0+,0- 
0+,0->,|0- 0+>) =-i 
^ (|0-,0-),|0-,0-)) =-1. 



In (4.3.6) we notice the presence of negative norm states like |0— ,0— ). The states which 
are needed in the decomposition of the identity are the ones we have already built in the 
SvH and gauge cases: 



\a q -,ccp-) = e- a " c "- apCp \0-,0- 
|/9,+, Op-) = e -/V*-*^|o+,0- 



Pp+) = e -°^-^|o-,o+) 



(4.3.7) 



I \P q +,/3 p +) = e-P<*-b0'\O+,O+). 
From (4.3.5)-(4.3.6) and the commutation relations (1.1.17) we can easily derive the 
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scalar products among the states (4.3.7). They are 



\a q — 


a p - 




= — exp(— za q a p + ia p a q ) 


\a q - 


P P +) 


,\p q +,P'p+}) 


= i5{(3' p + ia*)exp(if3 q f3*) 


\a q - 


a p - 


), \P q +,a' p -} 


= 5((3 q — ia p )ex.p(ia p a q ) 


\a q — 


a p - 


),\(3 q +,(3 p +)^j 


= 8(Pq - ia* p )5([3 p + ia* q ) 


\a q - 


a p - 




= -5(f3p + ia*)exp(-ia q a p ) 


\P q +, 


a p -) 


,\P' q + ,Pp+)) 


= -i8(P' q ~ ia p )exp(-ij3 p l3 q ) 


\P q +, 


a p -) 


, \oLq , + ) J 


= — iexp(i/3*/3 p + ia*a q ) 


\f3 q +, 


a p -) 


, \(3 q +,a' p -}J 


= 5(a* p + if3' q )5{a' p - i(3* q ) 


\a q - 


P P +) 


) Wq-if3'p + )) 


= 5{ a > q + if3;)5{if3' p -a* q ) 


\a' q - 


a' p - 


' i \&q ) C^p ) 


= —exp(—ia'*a p + ia'*a q ) 






,\P'q + , P'p+)) 


= exp(ip;p' p -ip;p' q ). 



These relations should be compared with their analogs in the SvH (4.1.41) and in the 
gauge case (4.2.35). Before proceeding let us remember what we discussed after (4.1.42). 
There we proved that in passing from the \ket) to the (bra\ the order of the entries had 
to be reversed: if in the \ket) the first entry was q, in the corresponding (bra\ it had to 
be p. This was the case for the SvH and gauge scalar products but it is no longer the 
case here. In fact let us remember for example the relation 

|0,-,0 P -) =W\0q+,0 p +) (4.3.9) 

and let us perform the Hermitian conjugation (4.3.1) of the operators appearing in (4.3.9); 
we obtain the following relation: 

<0,+, P + \%% = (0q-,0 p - | (4.3.10) 

which is perfectly consistent. This consistency indicates that we can keep the same order 
in the entries of the (bra\ and the \ket). 

The resolutions of the identity that we get for the symplectic scalar product are 

J da p da q \a q — , a p — ){ia*+, (— ia*) + | = 1 (4.3.11) 

J da p da q \a q +,ap+)((—ia p ) — ,ia q — | = 1. (4.3.12) 

These resolutions should be compared with those of the SvH (4.1.44) and the gauge case 
(4.2.36). The strange form of the (bra\ appearing in (4.3.11) is actually necessary in 
order to make it an eigenstate of <? and <?. In fact if we start from 

c q \ia p +, (-ia*)+) = ia*\ia*+, (— ia* q )+) (4.3.13) 
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and perform the Hermitian conjugation, we get: 

{ia* p +, (-ia* q ) + q = {ia* p +, (-ia*) + \(ia* p )*. (4.3.14) 

Using the hermiticity conditions (4.3.1), we obtain that 

(ia*+, (—ia*) + |(— u?) = (ia*+, (— ia*) + \(—ia p ) => 

=¥■ (ia*+, (—ia*) + \cP = (ia*+, (—ia*) + \a p . (4.3.15) 

The same can be shown for c 9 . Let us start from 

c p \ia*+, (—ia*)+) = -ia*\ia*+, (— ia*)+) (4.3.16) 

and perform its Hermitian conjugation. What we get is: 

(ia*+, (—ia*) + \u? = (ia*+, (—ia*) + \ia q =$>■ 

=► (ia*+, {-ia*) + \& = (ia* p +, (-ia*) + \a q (4.3.17) 

which proves our claim. Via (4.3.11) it is now easy to write the symplectic scalar product 

in terms of the components of the states as in (4.1.55) for the SvH case and in (4.2.43) 

for the gauge case. Let us consider two states \ip) and |$) and their scalar product (^1^). 
By inserting the resolution of the identity (4.3.11), we obtain: 

(®\ip) = J da p da q {$\a q -,a p -){ia*+,(-ia*) + = 

= J da p da q $>+(a q ,a p )ip-(a q ,a p ) (4.3.18) 



where: 
and 



^_ (a q , op) = (ia* p +, (-ia*) + \^) (4.3.19) 



<5> + (a q ,a p ) = (a q -,a p - |$). (4.3.20) 

Since a q and a p are Grassmann variables and ip-(a q ,a p ) is a function of them we can 
write it as 

tp-(a q , a p ) =ipo + tp q a q + ip p a p + ^ 2 a q a p . (4.3.21) 
Let us now find out the expression of <I> + in terms of its components: 

$ + (a q ,a p ) = (a q -,a p - |$) = 

= j da' p da' q (a q -,a p - \a q -,a p -){ia'*+,(-ia q ) + |<&) = 

= J da' p da' q {a q — ,a p — \a' q — ,a p — )&-(a q ,a' p ) = (4.3.22) 

= - J da' p da' q exp(-ia*a' p + ia*a' q ) ■ (<& + $q a ' q + ® P a' p + &2a' q a' p ) 
= -$ 2 - i$ P a* p - i<f> q a* + <f> a* p a* q . 
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Inserting the expressions (4.3.21) and (4.3.22) in (4.3.18) we get: 
($|V>) = j da p da q (-^* 2 + i^* p a p + i<t* q a q + %a q a p ) ■ 



(4.3.23) 



■("00 + IpqCXq + + ^2a q a p ) = $0^0 + i{$* q ?p p - <&* p 1pq) ~ $2^2- 

If we include also the bosonic variables ip we obtain: 



/ 



dip 



<Z>* lP + i{^ p - $;V 9 ) - $2^2 



and the hermiticity conditions (4.3.1) are correctly reproduced since 



(4.3.24) 



(4.3.25) 



Let us also notice that the scalar product (4.3.24) reproduces the KvN one for the zero- 
forms, 



dp ®Qip . 



(4.3.26) 



This happened also in the SvH but not in the gauge case. Unfortunately the symplectic 
scalar product is not positive definite. In fact from (4.3.24) we notice that there are 
states, like the two- forms <3? = $2«g«p; with negative norm: 

($|$) = - j dip\$ 2 \ 2 (4.3.27) 

and states, like the one-forms with real coefficients ip = ip q a q + ip p a p , with zero norm: 

= i J ~ ^M"<z) = 0. (4.3.28) 

The symplectic scalar product can be easily generalized to the case of n degrees of 
freedom. First of all let us rewrite (4.3.24) as: 



(Qty) = J dp 
where the notation has the following meaning: 



p a = (q,p), <5> a = ($„ $ p ), $ 9P = $ 2 , $ qq = 0, $ 



VP 



0. 



(4.3.29) 



(4.3.30) 



Then it is a long but straightforward calculation to prove that two generic states of the 
form: 



2n 2n 
^= E -fV'a 1 ...a m C ai ...C am ; $=V— $ 

^-^ ml ^-^ mi 

have the following symplectic scalar product: 



(4.3.31) 



2n 



m=0 



(4.3.32) 
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The last issue we want to explore is whether we can reproduce, via the symplectic scalar 
product and its decompositions of the identity, the CPI starting from the operatorial 
formalism, as in the SvH and gauge cases. Let us first include in the resolutions of the 
identity (4.3.11)-(4.3.12) the bosonic variables. What we get is: 

J d^dc p dc q \^, c q -,c p -)(ic p *+,(-ic q *)+,^\ = 1 (4.3.33) 

J d\dcpdc q W c q +,c p +)((—ic*)—,ic*—,\\ = 1. (4.3.34) 

The kernel K(f\i) in the symplectic case takes the form: 

K(f\i) = (^+,(-^;)+,^ / |e-^ t /^)|^, cf-cf-)- (4-3.35) 

Note that the difference with respect to (4.1.69) and (4.2.45) is in the initial (bra\. 
Since K(f\i) = K((ff,c q ,Cj\(pi,c q ,cf) is the transition amplitude between an initial 
configuration (<£>j, c|, c^) and a final one (<^/,Cj,Cj), the (bra\ which appears in (4.3.35), 
i.e. {icj*+, (—ic q *)+, (ff\, must be an eigenstate of <? and c 9 with eigenvalues Cj and c q . 
This is actually the case as it has been proved in (4.3.15) and (4.3.17). The procedure 
then continues, as in the previous cases, by splitting the time interval (tf — ti) in (4.3.35) 
into ./V intervals of length e 

K{f\i) = (10*;+, (-icf)+, <p f \ e~^£^ . . . e^* \<pi, c q -, <?-). (4-3.36) 

N terms 

Inserting (4.3.34) on the left and (4.3.33) on the right of each term e _ * eW , we get the 
same discretized expression as in (4.1.77). We skip the details here because they are 
very similar to the SvH and gauge cases and the result is the same. Therefore also in 
the symplectic case we can reproduce the classical path integral (1.1.15). 

We can say that up to now in this chapter we have shown that there is more than 
one extension of the KvN scalar product, the SvH and the symplectic one, but both of 
them have defects: for the first one Tt is not Hermitian, while for the second one the 
scalar product is not positive definite. The gauge scalar product instead is not even 
an extension of the KvN theory because, differently from the KvN case, the zero-forms 
states have zero-norms, see (4.2.43). 



4.4 "Physical" Hilbert Space 

In this section we will address the issue of what is the physical subspace of the full Hilbert 
space underlying the CPI. With a little abuse of notation, we call physical subspace the 
one made of positive norm states on which 7i is Hermitian. We shall perform this analysis 
for all the three scalar products studied in the previous sections starting from the SvH 
one of Sec. 4.1. 
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4.4.1 Salomonson-van Holten Case 

In this case all the states in the Hilbert space have positive definite norm but H is 
not always Hermitian. This is an unacceptable feature because it would lead to the 
non-conservation of the norm creating in this way difficulties in assigning the meaning of 
probability to the norm of a generic state, differently from what happens in the zero-form 
case. The linear subspace of the full Hilbert space on which TC is Hermitian is defined 
by the following condition: 

(H-H^W) =0. (4.4.1) 

The next thing we have to guarantee is that the vector subspace defined by (4.4.1) be 
closed under time evolution. This means that a state \tp'), obtained via an infinitesimal 
time evolution from a physical state \tp): 

h//) = e--%, (4.4.2) 

must still be physical, i.e.: 

(H - H^)\tp'} = 0. (4.4.3) 

Inserting (4.4.2) into (4.4.3) we get 

(h - h ] )\4>') = (n- H ] )\ip) - ie{n - n f )n\i>) = 

= -ie \n, (H - H f )\ \4>) = ie \h, H ] ~\ |V>> (4.4.4) 
that implies that for |^') to be physical the following condition must also be satisfied 



0. (4.4.5) 



Let us analyse the commutator structure of (4.4.5). If we write H = Hbos+T~(-ferm we get 
that the commutator contained in the LHS of (4.4.5) turns into the following expression: 

[H,T-0] = [Hferm,'Hf erm ] + [Hbos, ^/ erm ] + [Hferm, Kbos] • (4.4.6) 

Let us look at the first term on the RHS of (4.4.6). The general expression of Hjerm was 

n 

given in (4.1.59) and, choosing H to be of the form H = s ^pf/2 + V(qi, . . . , q n ), we get 

i=i 

H ferm = 1%^ ~ i% 3 d^V^ . (4.4.7) 

Using the SvH Hermitian conjugation rules (4.1.61), we obtain: 

^ferm = + ^A^' ■ (4.4.8) 

So the first term in (4.4.6) turns out to be 

fiferm,H\ erm ] + AdjV) (did m V) \c Pj c Pm 5i -\7*8?\ (4.4.9) 

while the second and the third term in (4.4.6) contain third order derivatives in the 
potential V. To find solutions \-ip) of (4.4.5), whose form is independent of the potential, 
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we should impose that \ip) be annihilated separately by the terms in (4.4.6) which contain 
no derivative in V, next by those which contain first derivatives of V and so on. By looking 
at (4.4.6) and (4.4.9) the term with no derivative of V is (B^c 9 * — c Pi cP l ); imposing it on 
\ip) we get 

(V*-^M=0 (4.4.10) 



which implies 

If we represent \ip) as 



d , „ „. d 



(4.4.11) 



2n 

#-c)=E-j^ i^'^ ( 4A12 ) 



3=0 



then (4.4.11) is satisfied by those ip(tp, c) which contain the same number of c q and c p . 
Clearly these forms are Grassmannian even, which implies immediately that odd forms 
cannot be physical. Before going on to check whether also the terms in (4.4.9) with second 
derivatives in V annihilate these forms, let us remember that we must also satisfy the 

n 2 

condition (4.4.1). The operator U-V) with H of the form H = ^ y + V(qi, ...,q n ) 

i=l 

has the expression 

H-ft = + - i@ p .d i d j V8" +% i d i 9jV^). (4.4.13) 

Again, a physical form must be annihilated separately by the terms independent of V and 
by those depending on it. So, using (4.4.13), (4.4.1) gives the following two conditions: 

^+% i d^M = (4.4.14) 
(dpfidjVS 1 * +% u d i d j Vd»)\iP) = 0. (4.4.15) 

Let us now remember that, because of (4.4.11), the state \ip) must contain the same 
number of c q and c p . Therefore it is easy to realize that (4.4.14) implies that the following 
two relations must hold separately: 

4^1^=0 (4.4.16) 
5 Pi c^) = 0. (4.4.17) 

Analogously (4.4.15) implies that each term in it separately annihilates 

% j (a i d j vy3 li \ii>) = (4.4.18) 
% i (d i d j V)^) = 0. (4.4.19) 

Let us now construct a linear combination of (4.4.16) and (4.4.18) of the following form: 

{fe^ - ic Pj didjVS* M = 0. (4.4.20) 

It is easy to realize, looking at (4.4.7), that this is equivalent to: 

H ferm \i;)=0. (4.4.21) 
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Performing instead a linear combination of (4.4.17) and (4.4.19) of the form 

+ ^ qj d t djV^ H )\^) = (4.4.22) 
we immediately realize that this is equivalent to: 

These are the two relations which complete our proof. In fact, using (4.4.21)-(4.4.23), 
we have that (4.4.9) becomes: 

[H,i#]Wi = [n f erm,n\ erm U) + [n bos ,n) erm W + [n f erm,n bos U) = 

= -tyerrfibosW) + H f ernMbos^) = -H^W) +H ferm W) = 0- 

(4.4.24) 

The last step is based on the fact that = 7~ibos\vp) is still a physical state. In fact 
TCbos acts only on the bosonic coefficients of the states and so it does not modify their 
Grassmannian structure which determines whether a state is physical or not. 

Up to now we have proved that a state, to be physical, must be annihilated by the 
fcrmionic part of the Hamiltonian TL. The next step is to find the explicit form of such 
states. We want to start with an example. Let us take a two-form with n degrees of 
freedom. In order to satisfy (4.4.11) the two-form must contain one variable c q and one 
variable c p and so it must be of the form: 

^ = ^ qiPk c qi (?K (4.4.25) 

If we impose (4.4.17) on the state (4.4.25) we obtain: 

c(la -^~J = VVp.^c* = 0. (4.4.26) 

For the properties of the Grassmann variables the previous relation is satisfied if we take 
a = i. This means that we have to take a two-form of the type: 

= iW 91 ^ 1 + VW 92 ^ 2 + . . . + ^ci"^ (4.4.27) 

i.e. a form in which each c qi is coupled with the relative c Pi . Let us indicate, for simplicity, 
the various components ip qjPj as ip^fa). Then (4.4.27) can be written as 

^ = X> )McW (4.4.28) 
3 

Inserting (4.4.28) into (4.4.18)-(4.4.19), it is easy to prove that they can be satisfied only 
if all the coefficients ^^((p) in (4.4.28) are the same 

^ U) (<p) = K(ip). (4.4.29) 

So (4.4.27) turns out to be 

V> = K{ip)[c qi c Pl + c q2 (f 2 + ... + c qn c Pn }. (4.4.30) 
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One sees that somehow the dependence on the indices of the coefficients of the two-forms 
has disappeared. In general the coefficients K{ip) will be the same for forms of the same 
rank but they will change with the rank. So for example a "physical inhomogeneous 
form of rank up to 4 will be: 

if, = ^(p) + K(<p) c qi c p > + S(ip) + . . . (4.4.31) 

i i,j 

Anyhow all our construction proves only that states of the form (4.4.31) are physical but 
not that they are the only ones. We feel anyhow very confident that they are actually 
the only ones. From the physical point of view the homogeneous physical forms, like 
(4.4.30), are "somehow" isomorphic to the zero-forms. In fact Hferm annihilates them, 
see (4.4.21), and this is the same that happens on the zero- forms. Basically Hferm 
acts on the Grassmann variables in (4.4.30) annihilating them; so we are left with only 
K((p) changing under the time evolution and this K{ip) evolves like a zero-form. Instead 
an inhomogeneous state like (4.4.31) is made of a sum of terms, each isomorphic to a 
zero-form; so we can say that it is like a linear superposition of the various zero-forms 
ipQ (</?) , K(<p), S((p). It is also easy to realize that among these physical states we always 
have the zero- forms and the 2n or volume- forms. Before concluding we should point out 
that the physical condition (4.4.1) limits the forms to be of the type (4.4.31) only if we 
do not put any restriction on the potential V. If we put restriction instead, for example 
choosing a harmonic oscillator potential or a separable potential, then the condition 
(4.4.1) is satisfied by a wider class of forms than the ones in (4.4.31). This concludes the 
analysis of the SvH case. 



4.4.2 Symplectic Case 

Let us now turn to the other scalar products and in particular to the symplectic one 
of Sec. 4.3. The Hamiltonian Ti in this case is Hermitian but not all the states of the 
Hilbert space have positive norm. So the "physical" Hilbert space, which we will indicate 
with Hphys, should be a vector subspace of the full Hilbert space, made only of positive 
norm states. Anyhow this subspace H p h ys cannot be identified with the set H (+) of all 
the positive norm states. In fact it is easy to realize that H (+) is not a vector space 
because the linear combination of two states with positive norm, 
where a and (5 are complex coefficients, does not necessarily belong to H (+) . We will 
provide an explicit example of this fact in (4.4.50). So H p /j ys can only be a particular 
subspace of H (+) . In order to build it, it is better to change the variables, and pass from 
the set {gum, X qi , \ Vi ^ ,c Pi ,c 9i ,5 Pi ) to the following one: 



t ~ 1 ~ 

Zi = -j={qi + ipi), 

e* = -L ( ^-^), 



% = ^=(% - iPi) 
% = -j=(\ qi + i\ Pi ) 



(4.4.32) 
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From (1.1.17) it is easy to work out the graded commutators among the new variables 
(4.4.32). In particular we will be interested in the following ones: 







, ie*,T j } = +s}, [?*,?,■] = o. 

Under the symplectic Hermitian conjugation (4.3.1), we get 



(4.4.33) 



(4.4.34) 



Note that this "hermiticity" properties for the Grassmann variables (£,£*),(£,£ ) are 
the same as the SvH one (4.1.61) for the variables c°, c a . The crucial difference is in the 
anticommutator 

[?,?;] =S) (4-4.35) 



which, for the analog SvH variables, had the opposite sign on the RHS: \(?\c qj \ = 5*. 
We shall show that it is just this difference in sign which gives rise to negative norm 
states in the symplectic case. Let us define in the case n = I the state: 



eio— ,0- 



no-,o- 



0. 



(4.4.36) 



Applying the other operators on |0— ,0— ) we obtain easily the other basic states of the 
theory: 

' |0+,0-> =f|0-,0-> 

|0-0+) = -f |0-,0-> (4.4.37) 

I |0+,0+) = f*?|0-,0->. 

These states |0±,0±) will be different from those defined in (4.3.4) via the operators 
c and c because they are eigenstates of different operators. Besides the hermiticity 
conditions, let us choose, as usual, a normalization for one of the states |0±,0±). In 
particular let us impose: 

(|0-,0-),|0-,0-)) =-1. (4.4.38) 

Via the definitions (4.4.37) and the anticommutation relations (4.4.33), we easily obtain 
the following normalization conditions for the other states: 



(4.4.39) 



|0+,0-),|0+,0- 
(|0- 0+>,|0- 0+)) =-1 
^ (|0+,0+>,|0+,0+>) = 1. 

From the definition (4.4.37) we could represent the states as follows: 



io-,o-> = er 

|0+,0-)=f, 



|o- o+> =z 

|0+,0+) = 1. 



(4.4.40) 
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From this representation one sees that |0+, 0+) is the basis of the zero-forms. This 
explains the reason for the normalization choice (jO— ,0— ), |0— , 0— )^ = —1: in this way 
the normalization of |0+,0+) turns out to be +1 and, as a consequence, the zero-form- 
states have positive norm as in the KvN case. According to (4.4.40) the scalar products 
(4.4.39) can be written as 




and so a generic state 
has the following norm: 



( ^ = " 1 (4.4.41) 
(1,1) = 1 



n = ^ + m + v>k* + Mr (4.4.42) 



<V#> = |^o| 2 - |^| 2 + l^*| 2 - l^l 2 - (4.4.43) 



The differences of sign between (4.4.43) and (4.1.55) are due to the minus signs appearing 
in (4.4.38)-(4.4.39) instead of the plus signs appearing in (4.1.37)-(4.1.40). 

We will now generalize our treatment to the case of n = 2. If we still want that 
|0 + + + 0+) be the basis of the zero- forms and have positive norm like in the KvN 
case, then we should not choose the analog of the normalization (4.4.38) but rather: 

(JO - - - 0-), |0 — — — 0-)) = 1. (4.4.44) 

With this choice it is easy to prove that we get 

(JO + + + 0+), |0 + + + 0+)) = 1 (4.4.45) 

and, as a consequence, the zero-forms have positive norm. In general, for n degrees of 
freedom, in order to have positive norm for the zero-forms we should make the following 
choice for the normalization of the state |0 — — ...0 — 0— ): 

(0-0-.. .0-0-|0-0-. ..0-0-) = (-l) n . (4.4.46) 

We have now all the ingredients to start looking for the physical states. From the 

norms in (4.4.41) we infer that in general a homogeneous form ip = -^^l>ij...iC^* ■ ■ ■ £ has 

positive norm if the number of £ variables is odd. This rule holds not only for n = 1 but 
also for higher n. For example, the representation of |0 — — — . . . 0—) in n dimensions 
is 

|0 — — — . . . 0—) = . . . £ n £ n * (4.4.47) 

and its norm is (4.4.46), i.e. (—1)™, which is +1 if n (number of £ contained) is even 
and — 1 if n is odd. So we have a criterion to look for positive norm states: if a generic 

homogeneous state —^ a b...ic a c h . . . c l is given, we first transform the c a variables into 

? ,f* variables via (4.4.32): 

j^ab...ic a c b ...c l => ^ij...??* ■ ■ ■ (4-4.48) 
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and then we count the number of £: if they are even, the state has positive norm; if 
they are odd, the state has negative norm. Of course this is a sufficient and necessary 
condition for homogeneous states but not for non-homogeneous ones. For example the 
state 

V* = ^abC? + (4.4.49) 

is made of two parts, a two- form ip a b£, a £, b i an d a one- form t/j a £, a - From what we said 
above the two-form has positive norm because it contains two £, while the one-form has 
a negative one. Still the overall norm 

<v#> = ^r ab - E (4.4.50) 

a<b a 

could well be positive. Indeed this is the statement that the subspace H (+) of H is not 
a vector space. In fact in the example (4.4.49) we have summed a vector of H (+) with 
one of H ( ~> and ended up in a vector of H (+) . Anyhow it is possible to find a subspace 
of H (+) which is a vector space. 

Let us stick to the homogeneous positive forms and let us check what happens under 
time evolution. First we rewrite the Hamiltonian Ti in terms of the new variables (4.4.32) 
as: 

n = id a m a - iB a m a + (£*? a + e*f k )d k B a H + e%B a B k H + ef k d a d k H (4.4.51) 

d d 

where <9j = — r and <9j = — — . If we now take a generic homogeneous state of positive 

ozi dzi 
norm, i.e., with an even number of £: 

^ = ^... q ee*.-.e, (4.4.52) 

in general the time evolution will turn it into a positive norm state because TC is Hermitian 
and the evolution is unitary. Nevertheless the final state will be the sum of two terms, 
the first with an even number of £ and the second with an odd number. In fact the last 
two terms in (4.4.51) change the number of £ and £* factors in the state (4.4.52). For 
example the first of these two terms removes a £ from (4.4.52) and injects a £* into it. 
So the resulting state is an inhomogeneous form in £. This is not surprising because, 
even if TC conserves the form number in c a , it does not conserve the form number in 
and separately. If we restrict our space of homogeneous positive norm states to 
those which are annihilated by the last two terms of (4.4.51), then the time evolution 
will occur only via the first four terms of (4.4.51) which will not modify the number of 
£ and £* contained in the state. It is easy to check that the states of the form: 

i>ph V , = m<p) + Bbp) x; eeee* + cm ^ ee*ee*^ k *^ 1 * + ... (4.4.53) 

are annihilated by the last two terms of H. The features of these states are: 



1) each homogeneous form contained in them is made of products of an even number 
of f and C*; 
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2) all indices are summed over; 



3) in the homogeneous forms each term has the same coefficient: in our example B(<p) 
is the coefficient of the 4- form, C((p) is the coefficient of the 8- form. 

The states (4.4.53) have positive norm because they are the sum of orthogonal positive 
norm states. Moreover the time evolution turns them in states with the same features 
because the last two terms in TC, which could break the pairs give zero on states 

of the form (4.4.53). So this family of states is closed under time evolution. Last but 
not least, differently than generic positive norm states, those of the form (4.4.53) make 
a vector space: the sum of two forms with arbitrary coefficients is still a form which has 
the properties 1), 2), 3) which define this family. So these states have all the features 
to be physical states: they have positive norm, they are closed under time evolution and 
they make a vector space. Furthermore not only the last two terms of 7i, but also the 
previous two containing second derivatives of H, annihilate the states (4.4.53): 



(4.4.54) 



The four terms containing second derivatives of H are what we called 7i f erm in the first 
part of this section. So (4.4.54) implies that 



7~tferm,1pphys — 0. 



(4.4.55) 
0. Note that 



This feature is preserved under time evolution because 

(4.4.55) is the same equation we obtained in the SvH case (4.4.21). Therefore also for 
the states (4.4.53) there is no evolution of the Grassmann variables. Only TLbos evolves 
the states acting on the coefficients ipoiv), B(ip), C(ip) just like the Liouvillian on the 
zero-forms. In this sense also the symplectic physical states, like the SvH ones, are 
"isomorphic" to a set of zero-forms. Nevertheless the SvH physical states are many 
more than the symplectic physical ones. In fact if we take for example a 4-form in 
(4.4.53), by turning the into c g ,c p variables via (4.4.32), we get : 



M<p) 
Mfp) 



(-ic qi c Pl + ic? 1 c qi )(-ic qi c?i + i<f j c qj 
2ic Pi c m c p ic q i2i = -A(ip)c Pi c q *c p ic q i 



(4.4.56) 



and this is a physical 4-form also in the SvH case. But if we take a 6-form an analogous 
calculation gives: 



i si* tj cj*ck tk* 



A( Z ,z) ee*ee*ez 



iA(tp) c n c q *c p ic q ic Pk c q K 



(4.4.57) 



A 6-form like this is physical in the SvH case because it is annihilated by Hferm and 
so H is Hermitian on it. Nevertheless in the symplectic case it cannot be a physical 
form since it has negative norm because it contains an odd number of £. So the class of 
physical states is wider in the SvH case than in the symplectic one. 
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4.4.3 Connection between the Symplectic and the Gauge Case 



What about the gauge scalar product we analysed in Sec. 4.2? Actually we are less 
interested in it because the zero-forms have zero norm violating in this way the main 
feature of the KvN scalar product which we wanted to maintain. Nevertheless in order 
to find the physical Hilbert space also in this case the way to proceed is the following. 
Let us define the new Grassmann variables: 



^ a = 



V2 



(4.4.58) 



V2 



Using the symplectic hermiticity conditions (4.3.1) for the variables (c°,c a ), we get that 



(4.4.59) 



which means that ip a and ip a are Hermitian like the Grassmann variables in the gauge 
scalar product (4.2.2). This is an interesting connection between the symplectic and the 
gauge scalar product which can be used to find the physical subspace. In fact it is easy 
to prove that the anticommutation relations among (tp a ,ip a ) are the same as the ones 
among the variables c": 



Furthermore the inverse transformations of (4.4.58) are: 



(4.4.60) 



(4.4.61) 



V2 



Having proved all this we can introduce, as in (4.4.32), the Grassmann variables: 

1 

2 ( 



? = ^=(c*+i3") = lw Wr"' -iv pi -cj 



i 
i 



1 



(4.4.62) 



It is easy to realize that, if tp and tp satisfy the algebra and the anticommutation relations 

of the gauge scalar product, then the set of operators satisfy exactly (4.4.33)- 

(4.4.34). Therefore, even starting from the gauge scalar product, we can repeat the 
same kind of considerations made in the symplectic case in order to find out which is 
the subset of physical states. 
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4.5 Generalized Scalar Products 

From the previous sections we can conclude that all the three scalar products we have 
analysed have either 7i non-Hermitian or the scalar product non-positive definite. We 
shall show in this section that this is not a feature of the particular scalar products that 
we have introduced: even the most general one cannot have both TL Hermitian and no 
negative norm states. 

p 2 

Let us limit our analysis to the case of n = 1 and H = — + V(q). What we want to 

do now is to find out the most general hermiticity conditions for (c°, c a ) under which H 
is Hermitian 5 . After this we will analyse whether any of the associated scalar product is 
positive definite. 

The bosonic part of H is always Hermitian and therefore we should only care about 
the fermionic part which is 

Hf erm = ~ l%V"(q)&. (4.5.1) 

For this to be Hermitian the two pieces on the RHS of (4.5.1) must be separately Her- 
mitian since the second one, differently from the first, contains the potential V. So we 
must have: 

(i? g c p ) t = (4.5.2) 
(-^ p c 9 ) t = -%%-S 1 . (4.5.3) 

Let us now see which are the most general hermiticity conditions on c q and (P which 
satisfy (4.5.2). Imposing a general condition of the form: 

I c\ = 7^ + bt q 

and inserting it in (4.5.2) we get 

a5 - /3 7 = 1. (4.5.5) 

Besides (4.5.2) cP and c g have to satisfy also the relations ((c p )^)^ = <?, ((c g )t)^ = c q . 
Inserting (4.5.4) into them we get the following further conditions on the coefficients 

a,/3,j,S: 

a* a + /3* 7 = 1 (4.5.6) 

a*l3 + (3*5 = (4.5.7) 

a 7 *+<5*7 = (4.5.8) 

(3 + 5*5 = 1. (4.5.9) 

From (4.5.6) and (4.5.9) we get 

H 2 -|5| 2 = -2zIm(/3* 7 ) => J '"'"J' 5 ' (4.5.10) 
1111 V " I Im(/3* 7 ) = 0. y ' 



3 For <p and A we will stick to the standard hermiticity conditions (4.1.3). 
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So /3*7 is a real number and from (4.5.6) we get that /3*7 < 1. We will have to analyse 
three different cases: 

' /3* 7 = 1 

< /3*7 = (4.5.11) 
, /3*7 = z, 

where z is a real number different from and 1. It is possible to show that the hermiticity 
conditions (4.5.4) in the three cases (4.5.11) become respectively: 



13*1=1 
,3*7 = 
(3* 1 = z 



5t 



c q — e c g 



(4.5.12) 

(4.5.13) 
(4.5.14) 



where 6, 7/ are the imaginary part of /3, 7 and the variable 9 a is the phase of a: a = e l6a . 
Note that, if b = —1, (4.5.12) gives part of the hermiticity conditions of the symplectic 
scalar product (4.3.1). If instead a = and 77 = 0, (4.5.13) gives part of the gauge 
scalar product hermiticity conditions (4.2.2). Analogously if 9 a = and b = 0, (4.5.14) 
also gives part of the gauge scalar product hermiticity conditions (4.2.2). So, via our 
procedure, we got some generalizations of either the symplectic or the gauge scalar 
product. We did not get generalizations of the SvH one because in that case 7i can be 
non-Hermitian while here we are searching for all the scalar products under which Ji 
is Hermitian. Let us remember that up to now we have only satisfied (4.5.2). In order 
to satisfy also the hermiticity conditions (4.5.3) we can note that they can be obtained 
from (4.5.2), replacing p with q and vice versa. So the associated hermiticity conditions 
can be derived from (4.5.12), (4.5.13), (4.5.14), replacing p with q and vice versa: 



c 1 1 = iac r , 



gat 



: e ie ^ 
i^/jC 9 + e 



-id* 



c 1 + iaa 



v 



(4.5.15) 

(4.5.16) 
(4.5.17) 



up. 



In the formulae above the variables a, Op, 7^ are real parameters that can vary like 6, 6 a , 7/ 
in (4.5.12), (4.5.13), (4.5.14). Now, having three conditions (4.5.12), (4.5.13), (4.5.14) 
which satisfy (4.5.2), and three (4.5.15), (4.5.16), (4.5.17) which satisfy (4.5.3), we have 
nine combinations which satisfy both (4.5.2) and (4.5.3). The next step in our proce- 
dure is to see whether some of the scalar products associated to these nine hermiticity 
conditions are positive definite. In order to perform this analysis in a neater form we 
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(4.5.18) 



shall introduce in each scalar product a metric g l K If we write the states as: 

J if) = 1p + i> X C q + V>2C P + ^ 3 C Q C P 

then we can define the matrix by the following equation: 

= y dipQtfty (4.5.19) 

where i, j can be (0, 1, 2, 3). It is easy to get convinced that all the three scalar products, 
SvH (4.1.55), gauge (4.2.43) and symplectic one (4.3.24), can be written in the form 
(4.5.19) with different choices of the metric. 

Let us now see which metric we obtain out of the hermiticity conditions (4.5.12)- 
(4.5.15) which are: 

= ib% 



St 



= iacn 



(4.5.20) 



The first two equations of (4.5.20) can be written as 



(ibJ?-$\ 
N dci 1 



(4.5.21) 



<$|cP^). 



Similarly the last two equations of (4.5.20) are equivalent to 



(ia-^-&\ 

x dcP 1 



{$\ia-^-ip} 
,) = ($|c<V)- 



(4.5.22) 



9 



/I 


ib 



(4.5.23) 



Inserting (4.5.19) into (4.5.21) and (4.5.22) we get that the real parameters a and b in 
(4.5.20) must be one the opposite of the other: a = —b. With the choice g 00 = 1 the 
whole metric turns out to be 

\ 
-ib 

-b 2 J 

Let us first notice that with the choice b = — 1 the metric (4.5.23) reproduces, via (4.5.19), 
the usual symplectic scalar product (4.3.24) which is not positive definite. In general, 
to check whether (4.5.23) gives positive definite scalar products, we should calculate the 
eigenvalues of (4.5.23) and see if they are all positive. These eigenvalues are: 

f Ai = 1 

A 2 = +b 
A 3 = -b 
A 4 = -b 2 . 



(4.5.24) 
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So we see that there are always two negative eigenvalues. This ultimately confirms 
that the scalar product associated to (4.5.23) is not positive definite. Let us now turn 
to another of the nine possible hermiticity conditions, in particular the one obtained 
combining (4.5.12) with (4.5.16): 



( £Pt 



ibc n 



c 1 = -<? 

9 b 

c 



(4.5.25) 



It is easy to realize that this choice of hermiticity conditions is not consistent. In fact 
from the standard anticommutation relation [c 9 ,^] = 1 we get this other one 



[8* B{] = l 

and replacing in it the expression obtained from (4.5.25) we get: 

[e ie ^,(i/b)^}=0 



(4.5.26) 



(4.5.27) 



which contradicts (4.5.26). We have a similar problem with the hermiticity conditions 
obtained combining (4.5.12) and (4.5.17): 



F t = ib% 



$ = -7? 

« b 



(4.5.28) 



c p = e 



In fact from [<?, c p ]=l we get: 

but inserting (4.5.28) in (4.5.29) we obtain 

= [ib%,e- i6 %} = 



(4.5.29) 



(4.5.30) 



which contradicts (4.5.29). 

Another hermiticity condition which is inconsistent is the one obtained combining 
(4.5.13) with (4.5.15). In that case in fact, instead of (4.5.29), we would get 



(4.5.31) 



Analogously the hermiticity conditions obtained combining (4.5.14) and (4.5.15) are 
inconsistent. In fact in this case we get 



= [ij£ p ,e- i9 <%]=0 



(4.5.32) 
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which contradicts (4.5.26). Let us now analyse the case (4.5.13)-(4.5.16) which gives the 
following hermiticity conditions: 



i'-f'jd 1 + e" 



(4.5.33) 



3 c 



The parameters a >0/3>7/)7j have to satisfy the following conditions: Q 
which lead to the following metric g 13 : 



-7; 



M — 











2 03 \ 








g03 e i6 a 








_ g O3 e i0 a 








^_ g 03 e 2i8 a 











(4.5.34) 



The eigenvalue equation associated to this metric is 



( A 2 + (5 03 )2e 2^ A 2 _ 

Two of its eigenvalues are 

A 



*9 



03je c 



7/ A + ( 5 03 )V^) =0. 



±ig 03 e ie ° 



(4.5.35) 



(4.5.36) 



and one sees that, for example, the choice 6 a = and g 03 = i leads to a positive and a 
negative eigenvalue. In general it is impossible to obtain from (4.5.36) two real eigen- 
values. This proves that even the scalar product which is associated to the hermiticity 
conditions (4.5.33) is not positive definite. This case is a generalization of the gauge 
scalar product (4.2.43); in fact it reduces to it with the choice 7 7 = 0, 

g 03 = -i, 9 a = 0. 

Let us now proceed to other cases like for example the one whose hermiticity conditions 
are the combination of (4.5.13) and (4.5.17). From these relations we get 



i0, 



3 <? + iac„ 



(4.5.37) 



Using these expressions and imposing the following relations: 



= 



(4.5.38) 



we get that in (4.5.37) we must choose a = r y I = 0. Therefore the hermiticity conditions 
are the same as those which led to the metric (4.5.34) with = 0. Therefore also the 
scalar product (4.5.13)-(4.5.17) is not positive definite. A similar analysis can be carried 
out for the hermiticity conditions given by the combination of (4.5.14) and (4.5.16). Also 
in this case we get that, in order to satisfy (4.5.38), we must put b = 7^ = in (4.5.14) 
and (4.5.16). These relations lead again to the metric (4.5.34) with r ) I = which is not 
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positive definite. The last of the nine hermiticity conditions that we have to examine is 
the combination of (4.5.14) and (4.5.17). This leads to the metric 



v- 












g 03 








„03gi6> a 








_g03 e i6 a 








g 03 e 2i8 a 








_jg03 e i9 



\ 



•b) 



(4.5.39) 



whose eigenvalues are given by the solutions of the equation 



(A 2 + ( 5 03 ) V e «) (A 2 + ig 03 e^b\ + (g 03 ) 2 e 2i9 «) = 0. 



(4.5.40) 



(4.5.41) 



Two solutions are given by 

A = ±ig 03 e i<)a 

and again it is impossible to obtain two real and positive eigenvalues from them. Since 
the metric (4.5.39) have negative eigenvalues, the associated scalar product is not positive 
definite. It should be noticed that also (4.5.39) is a generalization of the gauge scalar 
product which is obtained with the following choice of parameters: b = 0, 9 a = 0, 
g° 3 = -i. 

To summarize what we have done in this section, we can say that the whole set of 
consistent scalar products under which 7i is Hermitian is given by the three metrics 
(4.5.34), (4.5.39) and (4.5.23). The first two are generalizations of the gauge scalar 
product while the last one is a generalization of the symplectic case. None of these three 
generalizations leads to a positive definite scalar product. So we have proved that if TC 
is Hermitian for every choice of the Hamiltonian H then the associated scalar product is 
not positive definite. As a consequence, based on standard rules of logic, we have that if 
the associated scalar product is positive definite then TL can turn out to be non- Hermitian. 
This second case is exemplified in the SvH scalar product. 

Of course the theorem above holds if we work in the full Hilbert space. It is easy to 
see that, even with the generalized scalar products (4.5.23), (4.5.34) and (4.5.39), the 
subspace of positive norm states, closed under time evolution and with the feature of 
being a vector space, is isomorphic to the space of zero-forms. We will skip the proof 
because it is very similar to that presented in Sec. 4.4. 



4.6 Grassmann Variables and Jacobi Fields 

Despite the detailed mathematical analysis contained in this chapter, the reader may 
still be puzzled by the results we have gotten. In fact it is difficult to accept that in 
CM we cannot have at the same time a positive definite scalar product and a Hermitian 
Hamiltonian. In this section we would like to give some tentative physical explanations 
of this result. 

Let us for example analyse chaotic systems, i.e. systems which have trajectories flying 
away exponentially as time passes by. The variables which describe this behaviour better 
are the so-called Jacobi fields which are defined as 



Sip a (t, if ) = <p%(t, cp + 5(po) - ifi(t, <p ) 



(4.6.1) 
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where <pf(t) and ip%{t) are the two trajectories which start at time t = very close to 
each other respectively in ipo and (po + S(fQ. The evolution of these Jacobi fields 5(p a is 
the same as that of the Grassmann variables c a : 



S a b d t - u 



ai d 2 H 



6<p b = 0. 



(4.6.2) 



df l dip b 

The Euclidean square distance between the two trajectories in phase space is given by 

D(<p ,t) = \\6<p a \\ 2 (4.6.3) 

and it is a function of t and (fo . In more precise mathematical terms the inequality which 
defines a system as chaotic is the following one: 



lim - In / d(poD(<po,t) > 0. 

t^oo t J 



(4.6.4) 



One immediately infers from (4.6.4) that the phase space of chaotic systems has re- 
gions of non-zero measure such that the trajectories which originate from there fly away 
exponentially as time passes by. 

Now we want to show that, in those regions, also the components ip a of any one-form 
ip = ip a c a behave as the Jacobi fields. Let us first turn to the "momentum" representation 
for the Grassmann variables replacing c with c. In the c representation it is natural to 
use, instead of the notation (4.1.52): 



the following one: 

(-C*, -C*, lfi\lp) = tp° + lp q C q + t/j P C p + tp 2 C q Cp. 

In this basis a completeness relation, analog to the first one of (4.1.44), is then 



j dCqdCp \Cq-\-, Cp - ! - ) ( Cp, Cg 



(4.6.5) 
(4.6.6) 

(4.6.7) 



and inserting it into the LHS of (4.6.5) we get the relation between (4.6.5) and (4.6.6), 
i.e.: 



(+ C p*,+cHV>> = J dc q dc p (+cP*,+c c >*\c q +,c p +) • (-c* p ,-c* q \iP) = 

= J dCgdc p (l + C q C q + C P C p - C q C P C q C p ) ■ + ^ q C q + lfj P C p + 1p 2 C q C p ) = 

= -ip 2 - ip p c q + ^ q c p + ip Q c q c p . (4.6.8) 
Comparing this with the RHS of (4.6.5) we get that: 



(4.6.9) 



' ^0 






= -i) P 


4> P 


= i) q 




= v°. 
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The reason why we have introduced the c representation is that, as we will show below, 
the components ip q and ip p transform, under time evolution, as the Jacobi fields 5q, 5p 
of (4.6.1). The evolution of the wave functions (4.6.6) is given by the Hamiltonian TC 
expressed in the "momentum" representation, i.e.: 

H ferm = ic a MS^-. (4.6.10) 

where M% = oo ab d^ddH . Restricting ourselves to the part of the wave function (4.6.6) 
which is linear in the c variables, we have that the infinitesimal evolution gives: 

r(e)ca(e) = (V(0)c a (0)) . (4.6.11) 

Inserting (4.6.10) into (4.6.11) we get easily: 

^ a (e) = ^ a (0) + eM^ d (0). (4.6.12) 

If we now solve, for an infinitesimal time, the equation of motion (4.6.2) for the Jacobi 
fields we get: 

5p a (e) = 5p a (0) + eM d a (5</(0). (4.6.13) 

This proves that the variables if) a and the Jacobi fields 5ip a evolve in the same way and 
if the latter diverge exponentially with t, the same happens to ifj a . This implies that 
the behaviour with t of the distance D((po, t) (4.6.3) and of ^ \ip a (ipo, t)\ 2 are the same. 

a 

Furthermore if (4.6.4) holds, also the following inequality holds: 

lim iln / ^yif(ai)| 2 >0. (4.6.14) 

t^CX) t J 

Then via (4.6.9) we can replace (4.6.14) with 

lim Jin f ^V|i(^,t)| 2 > (4.6.15) 

a 

and the argument of the logarithm is exactly the SvH norm of the one-form ipai^o, t)c a . 
So in the case of chaotic systems the norm of the states ip = ifj a c a in the SvH scalar 
product 

f dipoY,\Mw,t)\ 2 (4.6.16) 

J a 

diverges exponentially, just like (4.6.4). Now if we take the sum of a zero- form V'o and a 
one-form ^ a c a 

ip = ^ + ^ a c a . (4.6.17) 

the SvH norm of tp becomes: 

= J d<p \4> {<Po,t)\ 2 + J <Vo^l^a(v?o,t)| 2 . (4.6.18) 
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Let us suppose that in the SvH scalar product H were Hermitian. Then the norm of ijj 
would be conserved under the time evolution. Anyhow we know that the second piece in 

| 2 to be conserved, the first term in (4.6.18), i.e. J d(po\ipo\ 2 , cannot be conserved. 

The non-conservation of this piece implies a violation of the Liouville theorem but this 
is an absurd. Therefore 7i must be non-Hermitian in the SvH scalar product. To put 
things in simpler terms: if we have a chaotic system we must be able to produce, from 
the operator of evolution e~ int , an exponential diverging behaviour like: 

e _i ™ — >Ke +lt (4.6.19) 

with I a real number. This happens only if 7i is not Hermitian. In fact only in this case 
7i can have complex eigenvalues producing something like (4.6.19). This same kind of 
behaviour can be produced also in the gauge and symplectic case where 7i is Hermitian 
but the scalar product is not positive definite. In this case even Hermitian operators can 
have complex eigenvalues and the proof goes as follows. Let us start from the hermiticity 
of 7i, i.e.: 

(tp\Htp) = (WV#>. (4.6.20) 
If is an eigenstate of TL with eigenvalue A then (4.6.20) can be written as 

A(V#>=A*(V#>. (4.6.21) 

From this relation we cannot deduce that A = A* because, in a non-positive definite 
scalar product, the state could be of zero norm and satisfy (4.6.21) whatever is the 
value, real or complex, of A. 

This analysis explains the reason why for a generic potential, as we have assumed 
throughout this paper, we have either a positive definite Hilbert space or H Hermitian 
but never both of them. This last possibility can happen only for specific potentials. For 
example in the SvH case the H associated to a Hamiltonian of the form 

H = \p 2 + \l 2 ( 4 - 6 - 22 ) 

is Hermitian, see (4.1.64)-(4.1.65). As this is a harmonic oscillator one may be tempted to 
generalize the result and jump to the conclusion that, for integrable systems, differently 
than for chaotic ones, we could have both H Hermitian and the scalar product positive 
definite. It is actually not so: even for harmonic oscillators only some of them have the 
features above. In fact let us insert the mass and the frequency in H: 

H = —p 2 + -muj 2 q 2 . (4.6.23) 
2m 2 

and check if the associated 7i is Hermitian under the SvH hermiticity conditions 

(4.6.24) 
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aP 




Fig. 4.1: Phase space trajectories for a harmonic oscillator with = m 2 . 



The only part of TC which can encounter problems is TCferm which, with the Hamiltonian 
(4.6.23), turns out to be 



_ . CgC p ^ .-^ 2 

m 



Using (4.6.24) its Hermitian conjugate is 



c<fP 
m 



Comparing (4.6.25) and (4.6.26) one sees that TCf erm is Hermitian only if 



m 



or 



(4.6.25) 



(4.6.26) 



(4.6.27) 



So, given the mass of the system, only the harmonic oscillators whose frequency is given 
by (4.6.27) are Hermitian. It is easy to realize that all the oscillators satisfying (4.6.27) 
have trajectories in phase space which are circles (see Fig. 4.1). Note that in this case, 
since TC is Hermitian, the norm of the Jacobi fields, i.e. the arrows in Fig. 4.1, does not 

change with time. If instead — ^ / m 2 then the trajectories are ellipses, see Fig. 4.2, 
and the norm of the Jacobi fields is not preserved during the time evolution just as a 
consequence of the non-hermiticity of TC. 

The reader may object that the relation (4.6.27) can be disrupted by just changing 
the system of units which we use to measure u and m. Anyhow we should note that, 
if we change the units, we have to change also the hermiticity conditions (4.6.24) for 
dimensional reasons and, under the new hermiticity conditions, TC is again Hermitian. 
In fact, looking at the Lagrangian (1.1.16), we notice that the kinetic term of the action 
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Fig. 4.2: Phase space trajectories for a harmonic oscillator with — / m 2 . 



Cg] l . The same 



is / dtc q c q and so the dimensions of c q are the inverse of c q : [c q ] 
happens for [<*] . fc,-. Rom the inhesion te rm of the action 



associated to the C of (1.1.16) we get that 



M 



So the hermiticity conditions (4.6.24) should be written as 



(?)t = 



c <3 ' lg> 



t _ 



Cp • lp 



(4.6.28) 



(4.6.29) 



where l q and l p are dimensionful quantities. Of course we could choose c 9 to be di- 
mensionless but if c" 3 is dimensionless then TP must have dimensions because of (4.6.28). 
Consequently l p would have the dimension of [c p ] 2 and so it would change with the 
system of units. Let us for example choose the S.I. system of units and the hermiticity 
conditions 



1 

The harmonic oscillators which are Hermitian are those satisfying: 

m = a • Kg 

1 -i 
to = —sec . 

a 

If we now pass to the CGS system the relation (4.6.31) becomes 

m = a ■ 10 3 g 

1 -i 
to = —sec 

a 



(4.6.30) 



(4.6.31) 



(4.6.32) 



and mto = 10 3 / 1. In any case also the hermiticity conditions (4.6.30), in the new units, 
have to be changed: 



(?)t 
(c")t 



10 b Cr, 



(4.6.33) 
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and with these new hermiticity conditions TC is Hermitian even under the condition 
(4.6.32). 

This concludes this chapter. In the next one we will analyse the same issues by using 
an entirely bosonic 7i first introduced in [16]. We shall also analyse what happens when 
we change the representation for the Grassmann variables [43] . 



5. Hilbert Space Structure with 

Forms: II 



What is proved by impossibility proofs is lack of imagination. 
-John Bell, 1982. 

As we have seen in the previous chapter the introduction of the Grassmann variables 
creates some problems at the level of the CPI, since it becomes impossible to endow the 
associated Hilbert space with a positive definite scalar product and, at the same time, 
to have a unitary evolution. To overcome these difficulties we want to analyse in this 
chapter two other functional formulations of CM. In the first one the Jacobi fields are 
represented by bosonic variables and belong to the vector (or its dual) representation of 
the symplectic group. In the second formulation the Jacobi fields are given as condensates 
of Grassmann variables belonging to the spinor representation of the metaplectic group. 
For both formulations we shall show that, differently from what happens in the case 
presented in the previous chapter, it is possible to endow the associated Hilbert space 
with a positive definite scalar product and to describe the dynamics via a Hermitian 
Hamiltonian. Unfortunately both these new formulations present some difficulties at the 
geometrical level which make them less pleasant and easy to use than the previous one. 
The content of this chapter with further calculational details can be found in [15]. 



5.1 Bosonic Functional Approach (BFA) 

As we have already seen the starting point of the CPI formulation of CM [5] is given by 
the transition probability (1.1.13): 



where the variables <p a = (<7 l ,p l ) are the phase space coordinates of the symplectic 
manifold M and <^(t; <Pi) are the solutions of the Hamiltonian equations of motion 




(5.1.1) 



(5.1.2) 
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with initial conditions ipi. Eq. (5.1.1) can be rewritten as: 

.abdH 



P(<p a ,t\<p?,t i ) = / Vip5 



LO 



dip b 



det 



< t - LO 



ah 



d 2 H 

d(p b dtp l 



(5.1.3) 



where the determinant appearing in (5.1.3) is the functional determinant needed to 

dH 

pass from the zeroes of the function F(ip,(p) = Lp a — LO ab -^—^ to the function itself. 

This functional determinant is positive definite [44] and this crucial property is based 
on the fact that between two phase space points there is at most only one trajectory. 
This property does not hold between two points of the configuration space where the 
associated functional determinant in general is not positive definite. 

As we have seen in Sec 1.1, in the CPI formulation [5] of CM the next step was to 
"exponentiate" the determinant in (5.1.3) via Grassmann variables like in the Faddeev- 
Popov (FP) method of gauge theories. In Ref. [16] a different strategy was adopted. In 
particular the determinant in (5.1.3) was replaced with the inverse determinant: 



det 



8fd t - LO' 



ab 



d 2 H 

dip b df l 



= 1 det 



5fd t + lo 



ab 



d 2 H 

dip b d(p l 



(5.1.4) 



The next steps in [16] were to insert (5.1.4) in (5.1.3) and to "exponentiate" the inverse 
matrix via bosonic variables using the well-known formula 



J dx l dvj exp {ix % A\yj) oc |det[^]| . 



(5.1.5) 



This formula of Gaussian integration applies only to matrices with positive determinant 
but this is just our case as we explained above. Note that this is no longer the case for 
the FP determinant which, as signalled by the Gribov problem, is not positive definite. 
This is the reason why the FP determinant could not be exponentiated via bosonic 
variables. Various attempts exist in the literature to write fermionic determinants via 
bosonic variables [45] but they are all different from the one we have presented here. 

Let us now insert (5.1.4) and (5.1.5) into (5.1.3). The result is the following path 
integral 1 : 



Vip 5 



LO 



(lb 



dH 



-I 



dLp- 

VipVXDirV(,exp 



det 



Sfdt + LO 



ah 



d 2 H 

dip b dip l 



dtC, 



where 



Xa 



LO 



ab 



dH 



+ TT 1 



Sfdt + LO 



ab 



d 2 H 

dip b dLf l 



(5.1.6) 



(5.1.7) 



The variables A a are the same as in the CPI [5] formulation of CM and they are needed 



to perform the Fourier transform of the Dirac delta 5 ( Lp a 



LO 



ab 



dH 

dip 1 



The variables A a 



are bosonic like the variables ir , £ a which were introduced to exponentiate the matrix 



The acronym BFA stands for Bosonic Functional Approach. 
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d 2 H 



and to produce its inverse determinant. The variables n l and £ a 
re x l and yj of (5.1.5). Let us remember that in the original CPI 



are the analog of t 
formulation of CM [5] the Lagrangian obtained was 



d 2 H 

dip b dip l 



(5.1.8) 



which can be compared with the C BFA of (5.1.7) if, in this last one, we interchange ir l , £ a : 



lf a - L0 ab 



dH 



Sfd t - U 



ab 



d 2 H 

dtp b d(p l 



7r' + (s.t.). (5.1.9) 



From (5.1.9) we see that, modulo the surface terms (s.t.), we get C BFA from C CPI by- 
replacing the Grassmann variables ic a and c l with the bosonic ones — £ a and tt 1 . 



5.2 Operatorial Formalism of the BFA 

We should now build the operatorial formalism associated to the BFA. The commutators 
among the basic variables ((p a , A a , 7? a , £ a ) can be straightforwardly derived from the path 
integral (5.1.6) by inspecting the kinetic term of (5.1.7). They turn out to be: 



[L* b ]=iS b a . 



(5.2.1) 



Next we choose the "Schrodinger" representation in which we realize (p a and 7? a as 
multiplicative operators while A a and £ a as derivative ones: 



A a = -I 



dip a 



Ha 



d 

''dir a ' 



(5.2.2) 



So in this representation the associated Hilbert space is made of the functions ip((p a ,Tr a ) 
of the 4n coordinates ((/? a ,7r a ). A very natural, and positive definite, scalar product that 
can be introduced in this space is 



<Y#'> 



dipdiri(>*((p a , it* W 



(5.2.3) 



It is extremely easy to check that the 8n operators (p a , \ a ,7r a , £ a are all Hermitian under 
the scalar product (5.2.3): 



0°t = 

Aa = A a 

Ha = Ha 
5fot = 



(5.2.4) 
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Let us now derive from the Lagrangian (5.1.7) the associated Hamiltonian: 

H BFA = X a co ab d b H - ^dbdiHia. (5.2.5) 

Turning the variables (ip a , \ a , ir a , £ a ) into operators, the Hamiltonian itself becomes: 

H BFA = \ a Lo ah d b H - ^Lo^dbd^a. (5.2.6) 

It is straightforward to check that this Hamiltonian is Hermitian under the hermiticity 
conditions (5.2.4) 

HIfa = (X a U> ah d b H - rtcJ^dbdiH^ = (d b H)LO ab \ a - ZaCJ^mHTT 1 = 

= \ a u ab d b H + iu ah d a d b H - TT^mHta - isicj^dbm = n BFA . (5.2.7) 

In the last two steps we have used the commutation relations [X a ,d b H] = —id a d b H, 
[£a,K l ] = i& l a an d the f ac t that uj ah d b d a H is zero because of the antisymmetry of uj ab . 
So we can say that, differently than in the CPI case analysed in the previous chapter, 
in the BFA case we can have both a positive definite Hilbert space and a Hermitian 
Hamiltonian. 

The reader may remember that in the previous chapter we gave some physical rea- 
sons of why we could not have both a positive definite Hilbert space and a Hermitian 
Hamiltonian in the CPI case: basically in a chaotic system the Jacobi fields c a grow 
exponentially and, as a consequence, some of the one-forms 

4>(<p,c) =Mv)c a (5.2.8) 

have a norm which also grows exponentially with time. Therefore such norms are not 
conserved and this happens only if the evolution is not unitary or equivalently if the 
Hamiltonian is not Hermitian. This kind of reasoning cannot be applied in the BFA case. 
In fact here the role of the Jacobi fields is taken by the variables 7r a whose equations of 
motion can be derived from the Lagrangian C BFA of (5.1.7): 

ir a = Lu ad d d d b Hir b 

So the analog of the wave function (5.2.8) is: 

^,7r) = VaM7r a . (5.2.10) 

Unfortunately this wave function is not normalizable according to the scalar product 
(5.2.3). So an exponential increase in 7r a would not lead to the conclusion that the 
evolution is not unitary because the state (5.2.10) itself is not part of the Hilbert space 
already at t = since it is not normalizable. If the reader is not immediately convinced 
by our arguments, he should remember that the line of reasoning we followed in the 
CPI case to motivate our physical understanding was crucially based on the use of wave 
functions linear in the Jacobi fields. These functions no longer belong to our Hilbert 
space in the BFA approach. 



(5.2.9) 
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5.3 Geometrical Analysis and Symmetries in the BFA 

In Ref. [16] a first geometrical analysis of the bosonic formalism was proposed: basically 
the variables 7r a , £ a were identified with the components of vectors and forms whose basis 
were respectively c a and c a : 

{ V = '" £ - (5.3.1) 

In fact it is easy to prove that, under the infinitesimal diffeomorphism generated by 
TL BFA over the original phase space: 

p' a = ip a + eco ab d b H, (5.3.2) 
the variables 7r a and £ a transform in the following way: 

r)in' a 

IT = 7T + €UJ O c O b HTT = — — T-7T 

dip" 

£ a = Za- eoj bc d c d a H£ b = J^&, (5.3.3) 

i.e. just as components of vectors and forms. With this identification the Hamiltonian 
Hbfa of (5.2.6) cannot be given the meaning of a Lie derivative. In fact we know that 
the Lie derivative C( dH y [9] changes the components of a vector as follows: 

Sir 1 = (d a ir l )u ab d b H - (d a u lb d b H)ir a (5.3.4) 

while the T~C B fa of (5.2.6) induces on tt 1 , via the commutators (5.2.1), the following 
transformation 



Stt 1 = 



TT l ,iH BFA ={-d a J b d b H)v a (5.3.5) 



which is clearly different from (5.3.4). So if we insist in the analysis presented in [16], we 
should first abandon the interpretation of TC B fa as the Lie derivative along the Hamil- 
tonian flow. Second, if we interpret 7? a and £ a as components, we should make them 
dependent on (p and consequently we should give a connection to glue the fibers of 
T*(T*M) of which 7? a and £ a are coordinates [16]. This connection does not appear 
in a natural way in our formalism. So, in order to bypass these two problems, we will 
interpret 7? a and £ a as basis respectively of forms and vector fields. One-forms and vector 
fields are then given by 

( F = F " ( ^: (5.3.6) 

As a consequence, it is easy to check that the H BFA of (5.2.6) can be interpreted, up to 
a constant factor, as the Lie derivative. In fact the commutator between iH BFA and the 
vector V of (5.3.6) gives: 

m BFA , v e (p)l] = [{d a v e )uj ab d b H - (d a oj eb d b H)v a ] I (5.3.7) 

and this is exactly how vector components V e change [9] under the Lie derivative of the 
Hamiltonian flow: 

5V e (<p) = V' e (ip) - V e (if) = {d a V e )uj ab d b H - {d a uj eb d b H)V a . (5.3.8) 
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Analogously, on the one-forms F = F e (ip)it e of (5.3.6), H BFA acts as follows: 



[iU BFM F e ((p)n e ] = \[d a F e )uj ab d b H + (8 e L0 at 'd b H)F a \ vr e (5.3.9) 

and this is exactly how one-forms components F e transform [9] under the Lie derivative: 

5F e (<p) = F' e {ip) - F e (<p) = (d a F e )oj ab d b H + {d e uj ab d b H)F a . (5.3.10) 

To give to Hbfa the meaning of a Lie derivative, another check we should do is the 
following. The commutator of two Lie derivatives has the property [9] : 



£(d//i)tt ) £(dH 2 ) tt 



c 



[{dH^,(dH 2 n Lb 



(5.3.11) 



where H 1 and H 2 are the Hamiltonians entering the Lie derivative and [(dH^, (dH 2 )^]Lb 
are the Lie brackets (Lb) between the associated Hamiltonian vector fields. According 
to our conventions the Lie brackets can be related to the Poisson brackets between H 1 
and H 2 in the following way [9]: 



(alH.f, (dH 2 



Lb 



ad 



be ' 



ad ' 



= - 'u: ad d d {d b H^ bc d c H 2 )\ e o = - (d{H u tf 2 }) . (5.3.12) 
Therefore (5.3.11) can be rewritten as: 



£(dffi)ti>£(dff 2 )« 



-(d{H u H 2 })»- 



(5.3.13) 



If we want to identify each Lie derivative C^ dH y with an operator i7i H , the relation 
(5.3.13) has to be satisfied also between the correspondent TL: 



iHh x j Mi-Hi 



-m 



{Hi,H 2 } 



(5.3.14) 



where we have put on the TC of (5.2.6) the label H±, H 2 or {H 1 ,H 2 } to indicate the 
function entering each 7i BFA . It is easy to prove that (5.3.14) is satisfied using the 
commutators (5.2.1). This confirms that it is consistent to assign to H BFA the meaning 
of a Lie derivative. 

As we have seen in Chapter 3, in the CPI there are various conserved universal charges 
[5] which somehow signal the redundancy of the 8n variables (ip a , X a ,c a ,c a ) used in 
describing CM. Also in the bosonic case we have many extra variables (A a , 7r a , £ a ) besides 
the 2n phase space ones (p a and so we expect to find various symmetries like in the CPI. 

The way we start our search for the symmetries in the bosonic case is rather naive 
but it is one of the few we could think of. Basically, as the variables vf a ,£ a take the 
place - in the bosonic case - of the Grassmann variables ^,c a , we simply rewrite the 
conserved charges of the CPI replacing in them c 11 and c a with TT a and £ a . If in the CPI 
the conserved charges were [5] [37] 



Qf 

N = ^d a H 
W = £ a uj ab d b H 



(5.3.15) 
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and 



Q = i3°Aa 

§ = W a LO ab X b 

Q h = Q-n 



BRS charge 
anti-BRS charge 
susy charge 
susy charge, 



(5.3.16) 



then in the bosonic case we get the following two set of charges: 

Qf = ™ a L 



and 



N (B) 

N 



(B) 



= v a d a H 

= i a UJ ab d b H 

i£ a u ah \ h 

Q (B) 



(5.3.17) 



Q 

~(.B) 

Q 

Q ( H B) 

^(S) ^(S) ^(S) 

Q H =Q +N 



N (B) 



(5.3.18) 



where the superscript (B) on the charge indicates that it refers to the BFA case. We note 
that, by replacing c 11 with ir a and c a with £ a , we have not really done the replacement 
which would bring the H of the CPI into the H of the BFA (5.2.6) but the difference 
is only in some multiplicative factors (±i) which cannot modify the conservation of 
the charges. The careful reader may also notice that in the CPI there were other two 
conserved charges [5]: 

1. 



K 



C UJabC 



K = -%u a %. 



(5.3.19) 



We did not list them because, via our substitutions, the corresponding charges in the 
BFA case would be zero because of the bosonic character of (5r, £) and the antisymmetry 
of LO ab : 

' K {B) = \^ a uj nh ^ b = 

(5.3.20) 



2 u,u 

K = -iaU ah tb = 0. 



Now, turning back to the set of charges in (5.3.17), it is easy to check that they are all 
conserved, i.e.: 



~(B) 



[Qf,n BFA ] = [N^,H BFA ] = [N \Hbfa] = 0. (5.3.21) 

On the other hand the charges present in (5.3.18) are apparently not conserved. In fact 
the bosonic analog of the BRS charge has the following commutator with 7i BFA : 



[Q (B) ,n BFA ] = -n^dbd^Hn^a 
while for the anti-BRS charge we get: 



[Q > W BJ f a] 



st 



(5.3.22) 



(5.3.23) 
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Analogously the bosonic charges Q H , Q H of (5.3.18) cannot be conserved because they 

are a linear combination of Q (s) and Q , which are not conserved, with iV (s) and N 
which are conserved. 

Let us now look at the RHS of (5.3.22) and (5.3.23) which indicate by "how much" 
the conservation law is violated. It is easy to notice that these RHS do not contain A a 
and so they commute with the original phase space operators cp a . As a consequence the 
infinitesimal transformations generated by Q {B) and by the Hamiltonian TL B fa commute 
when they are applied on (p. In fact the infinitesimal BRS transformations generated by 
Q (s) on a field A are given by the commutator of Q {B) with the field: 5q(b)A = [eQ {B \ A] 
where e is an infinitesimal parameter. The same happens for the transformations gen- 
erated by the Hamiltonian: 8ft A = [e"H BFA ,A]. Let us take for A the original phase 
space variables (p a . If we perform first an infinitesimal time evolution and then a BRS 
transformation we obtain 



SqwShF = ee[Q (B \[H BFA ,(fP 
while, if we perform the transformations in the inverse order, we get: 

ShSqIb)!? = ee[n BFA ,[Q^ B \lp a } . 
Now we can use the Jacobi identities to obtain 



(5.3.24) 



(5.3.25) 



= ee 



— ee 



Q (B \[H BFA ^] 



^,[Q iB \n BFA ] 



o 



(5.3.26) 



where in the last step we have used the fact that the RHS of (5.3.22) commutes with (pP. 
"Somehow" we can say that the transformations generated by Q (B) and 7i BFA commute 

on the original phase space. Of course the same happens for the anti-BRS charge Q 

and for the supersymmetry charges Q H , Q H . 

Now we want to provide a geometrical interpretation of this fact at least for the 
BRS-charge. Let us perform an infinitesimal BRS transformation on (p a : 



?Q(B)<P 



[eQ< s \<^] = [d7f 6 A 6 ,^]=e7? a 



(5.3.27) 



where e is an infinitesimal commuting parameter. The new phase space point pJ a reached 
after this transformation is: 

<ff a = ip a + evr a . (5.3.28) 

Remember now that ir a is a Jacobi field, i.e. it satisfies the same equation of motion as 
the first variations (5.2.9). So if ip a is a point on a trajectory then pJ a is a point on a 
nearby trajectory as indicated in the following picture: 
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From (5.3.26) we expect that we could move from the point (p a along its trajectory via 
the Hamiltonian TCbfa for an interval of time At, reach a point (p?^ and from there jump, 
via a BRS transformation to a point ip'^ on the nearby trajectory. Moving then back 
on this second trajectory for an interval of time At we should reach the point <p' a that 
we originally reached via a simple BRS transformation from (p a . All this is illustrated in 
the picture below: 



=^ 1) +€7T a 




This diagram illustrates what Eq. (5.3.26) tells us: in the (p-space the BRS charge Q (s) 
and the Hamiltonian TC BFA commute. 

Let us now turn to the bosonic analogs of the susy charges Q H ,Q H ■ As they are 

linear combinations of Q B ',Q ,N iB ',N and these last two charges commute with 
H BFA , from (5.3.22) and (5.3.23) we get 

[Q {B \H BFA ] = -^u^d^dcH^U 

0!!\n BFA \ = -Ca^l^idbdAHp. (5.3.29) 

-(B) — (B) 

So also the transformations generated by Q H , Q H and those generated by H BFA com- 
mute on the phase space variables (p a . It would be interesting to check whether they 
behave as true supersymmetry charges 2 , i.e. whether: 

[Qh\Q* ] ] =m BFA . (5.3.30) 

2 Since Q„ an d Q H are bosonic charges in all the following formulae there will be commutators 
instead of the usual anticommutators of the supersymmetry algebra. 
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It is actually easy to work out the following commutator between and Q 



[Qh j Qi 



-.(B) 



2H BFA + A9 a co de d e d a H^ d . 



(5.3.31) 



We see that we can get the standard supersymmetry algebra if the last term on the RHS 
of (5.3.31) were zero. Again this term does not contain A a and so on the (p 0, variables we 
have that 



^ (0 (S)<5 7 )(S)^ Q 



= 26 nP 



(5.3.32) 



i.e. the supersymmetry algebra holds. 

Usually supersymmetry is described as the "square roof of the time translations. Let 
us find out whether there is anything like that in our bosonic case. Instead of the two 

charges Q H and Q H , let us build the following ones: 

Q(B) = Q(B) _ f iB) 



Q +W B K 



(5.3.33) 



The transformations under Qi S) can be easily worked out. The result is: 



$ Q (B)Za 

5 n( B)K a = -ieuj ae d e H 

S Q (B)K 



(5.3.34) 



iei b uj be {d e d a H) 



where e is an infinitesimal commuting parameter. Let us check whether, by performing 
these transformations twice, we get a time translation. Using (5.3.34) and restricting 
ourselves on the original phase space (p a , we get 



5 2 



5 niB) (en a ) = -ie 2 cu ae d e H = -ie 2 tp 



(5.3.35) 



where in the last step above we have used the equations of motion. The result seems 
to confirm that Q { ^ ] is the "square roof of the time translations. In fact (5.3.35) is an 
infinitesimal time translation if we equate e 2 = At. So we could say that, in order to do 
an infinitesimal time translation, we could perform two (^^-transformations in a row 
each with "infinitesimal" parameter e related to the "square root" of At. We think that 
it is curious that, at least on some hypersurfaces of our 8n-dimensional space we could, 
without introducing Grassmann variables and via purely bosonic charges, get a square 
root of a time translation. 

Let us now go back to geometry and to the bosonic BRS charge Q (s) . As we have 
seen in Chapter 3 in the Grassmann case the BRS charge can be identified with the 
exterior derivative and one of its properties is that it commutes with the Lie derivative. 
This is no longer the case for our Q {B) as it is proved in (5.3.22). Even if Q (s) and TC B fa 
commute in the (/9-space, it is not enough. In fact the exterior derivative must commute 
with the Lie derivative in the full space of forms which is somehow an extension of the 
ordinary phase space. Actually it is the space of higher forms which has to be properly 
defined in the BFA case and this is what we will do in the next section. 
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5.4 Higher Forms in the BFA 

In (5.3.6) we have seen that it is possible to build one-forms using the operators 7r a instead 
of the Grassmann variables c a . The problem arises when we want to build higher forms: 
in fact it is difficult to define a wedge product A so that, for example, the basis dip a A dip b 
for two-forms is antisymmetric in the interchange a <-> b. This operation was naturally 
incorporated in the Grassmann formalism [5]: in fact, by representing the forms d(p a 
with the anticommuting variables c a , the antisymmetry of dip a A d<p b was automatically 
reproduced by the antisymmetry of the product c a c b : 

d(p a A V = -dip b A dp a 

t (5-4.1) 

c a c b = _ c b c a^ 

In the bosonic case we do not have Grassmann variables and the forms 7r a commute 
among themselves. Therefore we cannot represent a two-form dip a Adip b as it a 7r b , because 
in this way we would loose its anticommuting nature. 

The way out seems to be the standard procedure used in the literature on differential 
geometry [42], i.e. to introduce a tensor product among the cotangent spaces whose 
basis are d(p a and define the wedge product A as 

dip a A V = ^(dip a ® dip b - d<p b ® d<p a ). (5.4.2) 

In our case the role of dip a is played by the operators 7? a and, since we want to build 
tensor products among them, we have to enlarge our Hilbert space. Originally it was 
made of the functions ip(tp, vr) belonging to the tensor product of the two Hilbert spaces 
spanned by \ip a ) and |7r a ): 

H = H^®H W . (5.4.3) 
From now on we will use instead the following new Hilbert space: 

H 2n = H v (g) n n(1) ® H H2) ...(g) H 7r(2n) . (5.4.4) 

where we have made the tensor products of 2n copies of the space and labeled them 
with H„- (1) , . . . H W(2n) . If we limit ourselves to the case n = 1 the space (5.4.4) reduces 
to: 

H 2 = H v ® H* (1) ® H* (a) (5.4.5) 
and, for example, a two-form can be represented as 



F = F ab {$) ® - 7ff 1} ® 7c b 2) - Tr b (1) vff 2) . (5.4.6) 



The operator (5.2.6) was good to represent the Lie derivative but only in the space 
(5.4.3). To represent the Lie derivative on the new space (5.4.5) we should generalize 
TLbfa to the following operator: 

H = \ a LO ab d b H&) ® l(i) ® 1 (2 ) - oj be d e d a H((p) ® faffi 1 (2) + 1 (1) ® ^ 2) g 2) ) . (5.4.7) 
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Using the following commutators: 



fib 



0)J 



= o 

= 

" l0 a°U) 
■ 





(5.4.8) 



it is easy to see that the action of the H of (5.4.7) on the two-form F of (5.4.6) is: 



1 



\iH, F] = u; ab [d b Hd a F de + d b d d HF ae + 8 b d e HF da \ ® -(vf^ ® 5rf 2) - ^ ® 5ff a) ) (5.4.9) 

and this is exactly the manner how the two-forms transform under the Lie derivative 
[9]. In the case n = 1 we have only zero-, one- and two-forms; if the two-forms are 
represented by (5.4.6), the zero-forms G and the one-forms C are respectively given by: 



G = G{tp) ® 



Id 



(i) 



L(2) 



(5.4.10) 



C = C d {(p) 



7T 



(1) 



1(2) + 1(1 



(1) 



7T 



(2) 



(5.4.11) 



The commutator of iH with C gives the correct action of the Lie derivative on one-forms: 



pi, c] = (d a c d Lo ab d h H + oj ae d e d d Hc a ) 



7T, 



(1) 



L(2) + 1(1) 



7T 



(2) 



(5.4.12) 



So we can conclude that, in the case n = 1, the operator (5.4.7) represents a good 
extension of the Lie derivative on the entire space of differential forms. 

It is easy to generalize this operator to the Lie derivative which acts in a space with 
an arbitrary number n of degrees of freedom. It is the following one: 



n = \ a u ab d b H ® i® 2n - oj be d e d a H ® s \k% ® i^ 2 ™- 1 ) 



(5.4.13) 



where by l® 2n we indicate the tensor product of 2n identity operators, and with S the 
symmetrizer of the operators contained in the square brackets. So for example for n = 2 
we have 



L (2) 



+ 1 



(1) 



(2) 



L(3) 



1 (4) + ® 7T? 2) g 2) ® 1 



(3) 



® iw + i(u ® i 



(2) 



L (3) 



&> 1(4) + 

-? 4) S 4) - 



Let us remember that the indices (1), (2), . . . (2n) always indicate on which Hilbert space 
H^,.. in (5.4.4) the operators 7? w , and l w act. In the same way it is possible to 
generalize the concept of differential form. An m-form in a 2n-dimensional space is 
given by: 



P = S{ ^P ai ...a m ^) ® A[*% ® 7T(2) ® • • • ® 1 



®(2n— m) 



(5.4.14) 
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where A indicates the antisymmetrizer of the basis 7?£*j of the m cotangent spaces needed 
to build an m-form. The position of this m operators n inside the string of the In Hilbert 
spaces is completely arbitrary. Therefore if we do not want to choose a particular position 
we can symmetrize the 2n — m identity operators with the m operators n by means of the 
symmetrizer S as we did in (5.4.11) for the one- forms. Then the commutator between 
(5.4.13) and (5.4.14) reproduces the correct action of the Lie derivative on an arbitrary 
differential form P: 



Before concluding this section let us notice that, in the BFA approach, the higher 
forms are not represented by wave functions of the theory like ip(ip,c) i n the CPI case, 
but by operators like in (5.4.14). In fact the wave functions of the BFA approach do not 
have the structure of the Grassmannian ones: 



c) = Mv) + + *Pab(v)c a c b + ... + iJ abc ...ic a c b c c ..J. (5.4.16) 



In the CPI case it was this structure which allowed us to identify ipo(<p) with zero-forms, 
ip a ((p)c a with one-forms, ip a bC a c b with two-forms etc. In the bosonic case instead the 
wave functions ip(<p, it) are generic functions of it and this forbids their identification with 
forms. Moreover, as we said previously, a one-form would be represented by ip(<p,TT) = 
tp a ((p)7r a which would be not an acceptable wave function because it is not normalizable. 
Of course this does not mean that in the formalism given by (5.4.13) we cannot introduce 
wave functions. It simply means that such wave functions cannot have the meaning of 
higher forms, differently than operators like (5.4.14). 

The wave functions associated to the multi-form formalism of the Hamiltonian (5.4.13) 
basically make up the Hilbert space (5.4.4) and so they are given by ip(tp, vr (1) , . . . , 7r (2n )). 
It is possible to introduce also in this space the following positive definite scalar product: 



and it is easy to prove that with this product the Hamiltonian (5.4.13) is Hermitian. The 
reader may remember that our original 7i BFA (5.2.6) was derived from the path integral 
formalism (5.1.6). Also the multi-form Hamiltonian (5.4.13) can be derived from the 
following path integral: 



[iH,P\=C {iB)t P. 



(5.4.15) 




2n 



(5.4.17) 



i=i 




i=l 



(5.4.18) 



where the multiform (MF) Lagrangian C MF is given by: 



2n 




(5.4.19) 



i=i 



with 




(5.4.20) 



i=i 
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At this level the proof of the hermiticity of H M f under the scalar product (5.4.17) is 
identical to the proof given for H B fa in (5.2.7). Basically in the Hamiltonian (5.4.20) 
we have a set of extra variables (vr (i ), £ w ) for each extra Hilbert space H T(j) appearing in 
(5.4.4). It is actually then easier to work with the Hamiltonian TC M f than with the one 
in (5.4.13). We can in fact turn the n^,^ into operators by just looking at the kinetic 
term of (5.4.19) and deriving from it the commutators that we introduced by hand in 
(5.4.8) plus the usual one [y> a ,A&] = id%. This confirms that the path integral (5.4.18) 
is basically the one behind the operatorial formalism (5.4.13). Unfortunately this path 
integral does not have a "natural" interpretation differently than the one in (5.1.6), in the 
sense that the latter is naturally related to (5.1.3) and (5.1.1) which are just Dirac deltas 
on the classical paths. These Dirac deltas are natural objects in a functional approach to 
CM because they just give weight one to classical paths and weight zero to non-classical 
ones. Nothing like that can be done for the path integral (5.4.18) which can be turned 
into a Dirac delta of the equations of motion like in (5.1.3) but it gets multiplied not by 
one determinant but by In of them. This structure does not allow us to pass to the Dirac 
deltas of the classical trajectories appearing in (5.1.1). So somehow the path integral 
(5.4.18) does not have a simple intuitive understanding. This is the price we pay: we 
have a formalism with a positive definite scalar product and a Hermitian Hamiltonian 
but a physical understanding is lacking. If on the contrary we keep the intuitive single 
particle path integral associated to the Hilbert space (5.4.3) then the tensor product 
structure (g), needed to build higher forms like in (5.4.14), has to be given from outside 
and is not provided directly by the path integral. On the contrary in the original CPI 
[5] the whole formalism, even for higher forms, has a nice and intuitive understanding 
and construction (because it can be reduced to a Dirac delta on classical paths), and no 
extra structure has to be brought in from outside, but we have to give up one of the two 
conditions: either the positive definiteness of the scalar product or the hermiticity of the 
Hamiltonian. 



5.5 Metaplectic Representation 

So far we have widely used the concept of Lie derivative [9] . In particular we have seen 
how it acts on vector fields (5.3.8), on forms (5.3.10) or on general tensors in the case of 
symplectic manifolds. The notion of Lie derivative can be extended to general manifolds 
M n with Diff(M n ) as group of diffeomorphisms and with Q as structure group of the 
associated (co-)tangent bundle [42]. Under the action of an element of Diff(.M n ), which 
generates an infinitesimal displacement S(p a = —h a (ip), an arbitrary tensor field X on 
Mn is transformed as follows: 

X'(ip)-X(ip)=C h X(cp) (5.5.1) 

where Ch is the Lie derivative associated to the vector field h = h a d a . The general 
abstract expression of Ch is [46]: 

C h = h a 8 a - d b h a G b a (5.5.2) 

where G b a are the generators of the structure group Q in the representation to which X 
belongs. We will indicate with a, b the group indices and with a, (3 the representation 
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ones. So the matrix representation of (G a b ) will be (G a b )^ where a are also the indices 
of X, if we organize it as a vector. For a generic manifold we have that Q = GL(n, i?), 
for a Riemann manifold ^ = O(n), and for a symplectic manifold Q = Sp(2iV). It is 
easy to check that, if X is a vector or a form and M.2N a symplectic manifold, (5.5.1) 
reduces to the usual transformations (5.3.8) and (5.3.10) [43]. As we have already said 
the coefficients G b a are the generators of the structure group Q in the representation 
to which X belong. Now Q could have also spinor representations like in the case of 
Q = 0{n). This means that we can introduce the concept of Lie derivative also for 
spinors but not along all the vector fields h a . We have to restrict ourselves to the Lie 
derivatives along Killing vector fields in the Riemann case [46] and along Hamiltonian 
vector fields h a = uj ab di,H in the symplectic one. We will not give the reasons why we 
have to restrict ourselves to these particular vector fields for spinors X but we refer the 
reader to the literature [46] . Basically it is only for those fields that the usual commutator 
structure of the Lie derivatives (5.3.11) is preserved even for spinors. 

Before proceeding let us rewrite (5.5.2) in a slightly modified form, by introducing the 
following objects: 

K ab (f) = d a d b H(<f) 

S ab = i(u ca G b c + uj cb G a c ). (5.5.3) 
Both are symmetric in a, b and K ab T, ab = 2idbh c G b c ; so (5.5.2) can be rewritten as 

Ch = h a d a + l -K ab Z ab . (5.5.4) 

This is the classical Lie derivative for fields whose components transform, under infinites- 
imal Sp(2iV) transformations of the tangent space, via the operator 

S=l - Z -K ab Z ab . (5.5.5) 

We want now to apply this formalism to spinors, i.e. we want to use for T, ab in (5.5.5) the 
spinorial representation of Sp(2iV). To do this we have to pass to the universal covering 
group of Sp(2iV) which is the metaplectic group Mp(2iV) [47] [48] [49] . In analogy to the 
spinorial representation of the Lorentz group, we first have to build the counterpart of 
the representation of the Clifford algebra 

7*V + 7^7 M = (5.5.6) 

which, in the case of the metaplectic group [49], is 

7 y _ 7 y = 2i w ab . (5.5.7) 

This algebra, because of the crucial difference in sign on the LHS of (5.5.7) with respect 
to (5.5.6), does not admit finite dimensional unitary representations. The reason is 
the same as the one for which we cannot find any finite dimensional representation 
for the operators q, p in QM: they obey the algebra qp — pq = ih and, if they were 
represented by finite dimensional matrices, by taking the trace on both sides, we would 
get a contradictory result. The only representations are infinite dimensional. We will 
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indicate with V this infinite dimensional Hilbert space and with "x" the indices of its 
vectors. The generators of the metaplectic group are operators in this Hilbert space and 
the matrices 7° in (5.5.7) can be represented by the infinite matrices (j a ) x y - As Mp(2iV) 
is the covering group of Sp(2iV) there are two elements M(S) and —M(S) of Mp(2iV) 
associated to each S € Sp(2/V). Correspondingly the multiplication rules will be 

M{Si)M(S 2 ) = ±M(S 1 S 2 ). (5.5.8) 

Following the procedure used for spinors in the case of the Lorentz group, we now try to 
find an operator M(S) on V such that 

M(S)- 1 j a M(S) = S a b j b . (5.5.9) 

We choose S a b infinitesimally close to the identity and parameterize it like in (5.5.5). For 
M(S) we make the ansatz 

M(S) = l- l -K ab V£ et . (5.5.10) 

where S^ cta are the operators T, ab in the metaplectic representation. If we insert (5.5.10) 
into (5.5.9) we get: 

Stta = ^(7V + 7V). (5.5.11) 

So a representation for the matrix 7" gives rise to an associated representation for the 
generators S^eta- We will consider only representations in which 7° is Hermitian with 
respect to the inner product in V. As a consequence also S^cta i s Hermitian and M(S) 
turns out to be unitary: 

(V*)t = 

(^mcta)^ = ^meta (5.5.12) 

M(5) t = M(S)- 1 . 

Explicit representations of the symplectic operators 7° have been worked out and can 
be found in the literature [43]. We will briefly review one of them here. The Clifford 
algebra (5.5.7) is isomorphic to the standard Heisenberg algebra made of ./V positions x k 
and TV momenta operators fP: 

[x k ,p}=ih5 kj 

[x k ,V}=0 k,j = l,...,N 

g*,p»']=0 

In fact, combining x k and jfr into a single variable 

a = (^,x fc ) a = l,...,2N, 

we get that the algebra (5.5.13) can be written as: 

$ a ft - 4> b 4> a = ihuj ab (5.5.15) 



(5.5.13) 



(5.5.14) 
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which is isomorphic to the metaplectic analog of the Clifford algebra (5.5.7); so we have 
the following representation for 7°: 

r= G) 2 ^- (5 - 5 - i6) 

In the "Schrodinger" representation in which the operators x k are diagonal, we have: 
{l%=(^\x\x%) = (^\H N {x-y) 

{l N+k Yy = 2 <s|p*|y> = -i(2h)^d k 6 N (x - y) (5.5.17) 

where x, y are the Hilbert space indices. With the representation above and using 
(5.5.11), we get the following expression for the -fT a (,E^ eta entering the matrix M(S) 
of (5.5.10): 



2 XY a6 Zj mcta 



X -K k3 d k & - ±iK N+kJ (x k di + cPx k ) + 

1 



+i; K N+k,N+jX k x : > 



5 N {x-y) (5.5.18) 



where we have put h = 1. 

The geometrical picture we have so far is the following: the base space is the phase 
space M2N and on its fibers the structure group Sp(2iV) acts no longer in the vector 
representation like in Ref. [5] or in Sees. 5.1-5.4, but in the spinor representation. 
In this way we get a bundle similar to the "spin-bundle" [42] but whose fibers are the 
Hilbert spaces V. So we end up in a Hilbert bundle which we call to indicate that 
there is a fiber V at each point ip of the phase space M2N- In each fiber a state |Y>) can 
be represented in its basis (x\ as: 

i) x = (x\ip) (5.5.19) 
while its dual state (Y>| 6 V* is given by: 

(Y>|x) = (,jj x )*. (5.5.20) 

The dual pairing is then the usual inner product 

(X\tl>) = j d N x (X x )*ip x (5.5.21) 

on L 2 (R N ,d N x). To avoid possible mistakes we want to underline that the bra (x\ 
entering (5.5.19) or the operators eft entering (5.5.15) have nothing to do with the variables 
ip parameterizing the phase space M.2N- 

Going back to the Hilbert bundle V v a section is locally given by a function ip 

tp : M 2 n -> V 

<p |V;v)eV v . (5.5.22) 
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Here the notation if) indicates that the vector tp lives in the local Hilbert space (fiber) 
V associated to the point <p of the base manifold. At the level of matrix elements the 
function (5.5.22) is defined by its components: 



By replacing V with its Hilbert dual V* we can construct: 

X x (<p) = (X;cp\x), (X;cp\eV;. 
In our formalism it is natural to consider also "multispinor" fields 



which assume values in the tensor product: 



V * <g> V v <g> V v 



(5.5.23) 



(5.5.24) 



(5.5.25) 



(5.5.26) 



p factors 



q factors 



The symplectic spinors and multispinors have been first studied in detail in Ref. [48]. 
Restricting ourselves to a spinor, its evolution equation under the Hamiltonian vector 
field h a = uj ab d b H is: 



d t X x (<p,t) = -£ h X x ((p,t) = 
= - fdy 



5{x-y)h a d a + l -K ab {^L,) y x 



X y (<p,t) (5.5.27) 



where Kab{Y^ etg ) v x is given by (5.5.18). In general if we indicate the representation 
indices with Greek letters (a, (3) and the group (or manifold) indices with Latin ones 
(a, b) Eq. (5.5.27) can be replaced by 



d t X a (ip,t) = -£ h X a (<p,i) = 



8ih a d a + -K ah {<p)V 



a 



Xp{<p,t). 



(5.5.28) 



Note also that we have not put the label "meta" on the T, ab matrix just because (5.5.28) 
is the equation of evolution of the spinor x i n any representation. 



5.6 Metaplectic Hamiltonian and Scalar Product 

Up to now we have used the abstract formalism of differential geometry that one can find 
in the literature [9] [42] [48] [49] , but we would like to put it in the same kind of language 
of the CPI [5]. The procedure is straightforward [43]. Let us extend M.2N to a new space 
A4 cx t labeled by the coordinates (ip a , X a , i] a ,fj a ) where A a are the same kind of variables 
we used in the first part of this chapter while r] a ,f] a are Grassmann variables and they 
are as many as the indices a. Note that in the CPI of Ref. [5], since the vector (or form) 
representation has the same dimension as the manifold M2N1 the Grassmann variables 
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c a ,c a were as many as the variables tp a (or A a ). Here instead the number of indices a 
is equal to the dimension M of the representation that we are using. So the dimension 
of M cx t is not 8N, as in the CPI case, but 4N + 2M where M is the dimension of the 
representation. 

Next let us endow M e xt with the following extended Poisson structure (epb): 

W 1 , \}epb = <5& , {^> a , <J> h }epb = {A a , \}epb = 

07/3, V a }epb = -iSp, {V a , V l3 }epb = {Va,fjp}epb = (5.6.1) 

and with the following Hamiltonian 

H MFA = h a (ip)\ a + ^f) a KM(Y,tctX^ (5.6.2) 

where the acronym MFA means "Metaplectic Functional Approach" . We have used it to 
identify also this Hamiltonian because it is the one appearing in the functional approach 
which we will present later on. As last ingredient let us build the following hat "A" 
map between the multispinor fields of the abstract formalism (5.5.25) and the variables 
belonging to M cxt : 

x(<p) ^xti^m ■ ■ ■ vM ai ■■■v ap - (5-6.3) 

It is then a very long but straightforward calculation to show that the action of the Lie 
derivative on X can be realized via the extended Poisson brackets and the Hamiltonian 
7~£mfa as: 

(C h X) -{H MFA ,X} epb . (5.6.4) 

It is easy to show that the standard equation of motion (5.5.28) for the spinor field 
dtX a = —ChX a can be written in terms of the Hamiltonian TL M fa as: 

d t X = {Hmfa, X}epb (5.6.5) 

where X is given by (5.6.3). Via Hmfa and the extended Poisson brackets it is easy to 
obtain the evolution of all the variables ((p a , X a , r/ a , f) a ) of the extended manifold A4 cx t. 
The equations of motion for (p a are the standard ones of CM: 

a = h a ((p(t)) (5.6.6) 

while the equations for the Grassmann variables are: 

' if = - l -K ab {^X^ 

. 2 (5.6.7) 

Let us notice that the last two equations are quite different from the one of the Jacobi 
field 5<p a 

{5 V a ) = d l h a (<p){5 V l ). (5.6.8) 
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So we cannot identify r/ a with the Jacobi fields of CM. Instead it is easy to show that 
they are a sort of "square root" of the Jacobi fields [43] in the sense that the composite 
objects V a (t) defined as 

V a (t)^fj a (lTpf (5-6.9) 
have the same equations of motion as the Jacobi fields. 

It is possible to give also a path integral version of the formalism presented in this 
section, as explained in detail in Ref. [43]. The associated generating functional is 

Z MFA = J V^VXVrjVf) exp i J dt [\ a ip a + ifyff* - H MFA ] . (5.6.10) 

As for the CPI case [5] it is easy to derive the "operatorial" version of this MFA path 
integral. From the kinetic term in (5.6.10) one gets the following graded commutators: 

{ [ 1 ' J b 5.6.11 

All the commutators not indicated in (5.6.11) are zero. In a "Schrodinger-type" repre- 
sentation (p a and rf are multiplicative operators while the associated momenta A a , fj a 
have to be realized as derivative operators in order to satisfy the algebra (5.6.11): 

i ■ 9 

A a = -I 



dip a 

«. = 

The associated representation space is given by the set of functions: 

V) = E V<*ia2...a>)?7 Q V 2 ■■■V ap (5-6.13) 
p P ' 

while the metaplectic Hamiltonian (5.6.2) is turned into the operator 

( ^ - d ~ d \ 
T-Cmfa = 7-Lmfa yp, A = V, V = ~q^J- (5.6.14) 

The next step is to endow the space of functions (5.6.13) with a scalar product and 
check if "H M fa is Hermitian under it. We will choose the analog of the SvH scalar product 
by imposing the following hermiticity conditions: 

V T = Va 


Va ~ 71 (5.6.15) 

^ a t = (p a 

\ a = A a . 

Along the same lines developed in the previous chapter, it is easy to show that the scalar 
product induced by (5.6.15) is given by: 

(t\X) =Y,K(p)T* a i- a r(<p)X ai ... ap (<p). (5.6.16) 
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where K(p) is a positive combinatorial factor. One immediately notices that this is a 
positive definite scalar product. Let us now check whether the Hamiltonian 7i MFA is 
Hermitian under this scalar product. As usual the bosonic part of (5.6.2), which is the 
same as in the CPI case, is Hermitian. So we have to check out only the fermionic part 
which is 

= Idad^xVt^Yy V- (5-6.17) 

We have indicated the indices with x, y because in the metaplectic case, as explained 
above, they are a continuous set labeling the infinite states of the Hilbert space V. 
Second let us remember that X^ cta have to be chosen Hermitian in the metaplectic 
representation: 

(^meta) = ^mcta- (5.6.18) 

This hermiticity of course refers to the indices (x, y) and not to (a, b). So if we indicate 
the elements (J^^ eta ) x y as ( x l^mctaly)i tnen (5.6.18) implies that: 

<*|E&Jy>* = <y|E£i|s> = (y\T&*\x) (5.6.19) 
which in normal matrix language means 

(Emeta)^* = (^meta)^- (5.6.20) 

Now it is easy to prove the hermiticity of Wmfa- I n f ac t ; 

(ntr A y = (^-{d a d b H)%{^)%^ = \{9 a d b H)^ {^r;t = 

= \(d a d b H)%{^) V Jf = l(d a d b H)fj x (^ a ltJ X y ^ = fe- (5-6.21) 

This proves that the full 7i MFA is Hermitian under the SvH scalar product. This does 
not happen for the TC of the CPI [5] and it is easy to understand why. In fact the usual 
Ttcpi can be given the following form: 

Hcpi = h a X a + h e K ab (^)(Zf cc y f cf (5.6.22) 

where (S"g C )^ is the S associated to the transformations of vectors under Sp(2iV): 

(KccTf = -i(d~ a f uj be + 5)uo ae ). (5.6.23) 

Then it is easy to check that this E does not satisfy the analog of (5.6.20), i.e.: 

(KlTf + (O'e- (5-6.24) 

This explains why Hcpi is not Hermitian with the SvH scalar product. 

Summarizing the work contained in the last two chapters we can conclude that the 
KvN program of introducing a positive definite Hilbert space in CM fails as soon as we 
try to include the higher forms i^((p, c) of the CPI, besides the zero-forms ipo((p). It fails 
in the sense that we cannot have both a positive definite scalar product and a Hermitian 
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Hamiltonian. To disentangle from the problem above we prefer to abandon the Hilbert 
space picture of the KvN program in the CPI case and to interpret the functions ip(<p, c) 
of the CPI not as "classical wave functions" but only as probability densities p({p,c), i.e. 
elements of L 1 . Doing so there is no need to introduce a scalar product and a Hilbert 
space structure. Otherwise, if we do not want to abandon the "classical wave function" 
picture of KvN, we can use the wave function picture that the metaplectic case of Sees. 
5.5-5.6 provides. In fact the metaplectic functions and the associated Hilbert spaces are 
not affected by problems like the lack of a positive definite scalar product or the lack 
of hermiticity of the Hamiltonian. Moreover also the MFA provides a description of the 
standard classical Hamiltonian dynamics. In fact from its path integral (5.6.10) we have 
that the usual phase space points (p a evolve as in CM: 

<? = d*^ (5.6.25) 

and the equations of the Jacobi fields 5(p a , which are crucial to study some features of 
the dynamics such as ergodicity, chaos etc. [5] [33] [37], can be reconstructed from the 
dynamics of n, fj via (5.6.9). So somehow the metaplectic formulation is a different 
manner to describe the standard classical Hamiltonian dynamics for a point particle. 
The next question is how to describe, via the metaplectic formulation, the standard 
classical statistical mechanics. In the CPI this is described by the classical probability 
densities po{<p) which evolve via the Liouville operator, or (if we include also the Jacobi 
fields like in Ref. [5]) by the Grassmann- valued densities 

p(<p, c) = p {ip) + Pa (ip)c a + p ab {<p)c a c b + ... (5.6.26) 

whose evolution is generated by the standard Lie derivative TL C pi [5] . In the metaplectic 
representation we have instead functions like (5.6.13) 

v P ' 

and it is from these wave functions that we should reconstruct the probability densities 
(5.6.26). We feel that somehow the metaplectic wave functions (5.6.27) should be related 
to something like the "square roots" of the probability densities (5.6.26). We get that 
feeling by noticing that in the metaplectic representation we have already done something 
similar in the sense that n, fj are like the "square roots" of the Jacobi fields 5(p a as shown 
in (5.6.9). What we need is a scalar product such that the following relation holds 3 : 

vty\n)(?lW}<P = P(<P, V1V) = P(<P, c). (5.6.28) 

In other words we would like that the r], fj on the LHS of (5.6.28) get combined by this 
scalar product into the combination fj^ a rj which are basically the 5ip a (or c a ) Jacobi fields, 
see (5.6.9). We want that they combine in this way because the probability densities 
(5.6.26) contain the variables c and not 77, or fj. 

The scalar product (5.6.28) is not the SvH one that we explored in (5.6.16). In fact 
the SvH scalar product does not pull in the 7 matrices which instead are necessary 

3 In (5.6.28) we have put the subindex <p on \ip) v to indicate that they belong to the Hilbert space V 
jetting out of the point ip. 
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in (5.6.28) to get the combination 77777 inside the p. So far we have not succeeded in 
building the "scalar" product (5.6.28), in checking if it is positive definite and if TC MFA 
is Hermitian under it. However, in order to get some practice in the interplay between 
the metaplectic wave functions (5.6.27) and the CPI probability densities (5.6.26), we 
have asked ourselves how, from the components of the appearing in (5.6.27), we can 
build objects which at least have the same indices and transformation properties as the 
components of the p appearing in (5.6.26). One solution we found is the following one 



where with \t/j (p) ) we indicate the components of the states (5.6.13) with p indices and 
with <g> we indicate the tensor products among the Hilbert spaces like in (5.5.26). 

The first thing we can derive from (5.6.29) is that if we transform |^ (p) ) according to 
the metaplectic transformations then the resulting p a b...d turns out to transform according 
to the symplectic ones. 

Second, the metaplectic |^ (p) ) has the following components ip ai ...a p whose number of 
indices can run from zero to 00, while p can have at most N indices. This means that 
we have much more information stored in the |?/> (p) ) that what is needed to build the p. 
What does this imply? 

Third, while (5.6.29) produces a p out of a ip, it is not clear whether the inverse 
procedure is true and unique, i.e. whether, given a p with all its components, it is 
possible to find a such that (5.6.29) or (5.6.28) is satisfied. These are the topics 
we are currently working on. Our reason to insist with the metaplectic formulation is 
because, as proved in this chapter, this is the only formulation of CM where a true 
Hilbert space can be introduced and therefore it is the formulation which can most 
probably be directly compared with QM. Actually the metaplectic representation made 
its appearance before in issues related to quantization. In particular it appeared in 
Geometric Quantization [50] and in a beautiful approach to quantization developed in 
[51]. In this last paper quantization was achieved via three postulates and the first was 
just the necessity to go to the metaplectic representation for the Lie derivative. At that 
time it was not clear why one had to do that step first. Now instead it is clear: going to 
the metaplectic representation is the only way to introduce a true Hilbert space in CM. 

The reader may object to the statement we made above that the MFA is the only way 
to introduce a true Hilbert space in CM. Actually there is also the BFA case presented in 
Sees. 5.1-5.4 in which, after all, the Hilbert space has a positive definite scalar product 
and a Hermitian Hamiltonian. What we do not like in the BFA approach is that higher 
forms and tensors have to be built by hand introducing from outside the operation (g) 
of tensor product. What we mean is that in the CPI case of Ref. [5] the higher tensors 
and forms were generated automatically as functions on the extended phase space which 
is the only ingredient entering the associated path integral. In the bosonic or BFA case 
instead we have to introduce an extra structure which is the cross product <g) or use a 
strange path integral like (5.4.18). Anyhow we will leave to the reader and his taste 
which of the two programs to pursue in case he is interested in carrying further this 
research. 



Pab..d<p) = TV |V' (p) )(V' (P) |7[a ® lb ® • • • 7d] 



(5.6.29) 



v 
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The mathematician plays a game in which he himself invents the rules while 
the physicist plays a game in which the rules are provided by Nature, but as 
time goes on it becomes increasingly evident that the rules which the mathe- 
matician finds interesting are the same as those which Nature has chosen. 

-P.A.M. Dirac, 1939. 



In this thesis we have studied some aspects of the original KvN formulation of CM which 
had never been studied before in the literature, such as the role played by the phases of 
the elements of KvN Hilbert space and the rules needed to couple a point particle with an 
external gauge field. Next, following Ref. [5], we have extended the KvN formalism to the 
space of differential forms where we have analyzed first some purely geometrical topics 
and second some Hilbert space features. The geometrical topics were centered on the 
Cartan calculus of differential symplectic geometry which, as shown in Ref. [5], could be 
reproduced in a compact form via the Grassmann variables and other structures present 
in the CPI. In this thesis we showed that the CPI could also provide a unified view 
of those various generalizations of the Lie brackets known as the Schouten-Nijenhuis, 
the Frolicher-Nijenhuis and the Nijenhuis-Richardson brackets. Furthermore we showed 
that all the Cartan calculus could be reproduced not only via the Grassmann variables 
of the CPI but also via some suitable tensor products of Pauli matrices. Regarding the 
Hilbert space features mentioned above, in this thesis we have shown that, once forms 
are included in the formalism, the associated Hilbert space cannot have at the same time 
a positive definite scalar product and a Hermitian Hamiltonian. Two solutions to this 
problem have been studied in details in Chapter 5. 

Having now completed this thesis, what to do next? The main problem we are inter- 
ested in is the quantization of the theory. We know that usually the quantization of a 
system is performed via the Dirac's correspondence rules, which consist in replacing the 
classical Poisson brackets { • , • } p b by commutators according to the following relation: 

— (6.1.1) 

Now, if we formulate CM a la KvN, the Poisson brackets are already replaced by the 
KvN commutators. So the quantization of the system can be performed: 1) either 
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finding suitable rules to go from the KvN commutators to the quantum ones; 2) or 
finding a way to reproduce the algebra of quantum observables using KvN commutators 
and operators. Up to now we have found a compact way to realize the second road 
towards a quantization based on the following map: 

Q ■ f(q,P) — f(q-\\,P+\\) (6-1.2) 

where the domain of Q is made up of all the standard classical observables f(q,p) and its 
image is made up of suitable Hermitian operators living in the KvN Hilbert space and 
depending also on A. In particular it is possible to prove that, using KvN commutators, 

all the functions of the form f(q — —X p ,p + t^?) a PP earm g on t ne RHS of (6.1.2) satisfy 
exactly the algebra of the observables of QM. So maybe this is a rule to quantize the 
KvN classical mechanics and it might be useful also in clarifying the physical role of the 
KvN operators which depends on A. 

An even more interesting road towards a quantization of the theory starts from the 
CPI and its basic ideas have been explained in [19]. Having both classical and quantum 
mechanics formulated via path integrals, the quantization of the system is equivalent 
to finding some rules to go from the CPI to the quantum path integral. A very simple 
and elegant trick to connect at least the weights of the path integrals is based on the 
concept of superfield introduced in (1.1.22). Basically if we take the Lagrangian L which 
appears in the weight of the quantum path integral, replace in it the fields with the 
superfields and integrate over 9,9, what we obtain is just the Lagrangian C of (1.1.16), 
which appears in the weight of the CPI, modulus some surface terms: 

i J d6d6L{$>) = C- ^(A P P + ic p c p ). (6.1.3) 

Inserting (6.1.3) into the kernel of evolution (3.3.1) for the functions in the {ip, c) repre- 
sentation we obtain: 

K (¥f, c f, t f\Pi,^,U) = (qf,Pf,cj,c p f ,tf\q i ,pi,c g ,c?,ti) = J Vfiexpi J dtC = 
= j V[i exp i J idtd0d9L(<S>) + i J dtj t {\ p p + ic p c p )\ = (6.1.4) 

= J Vfi exp i J idtd6d8L(<&) + i\ p jpf — i\ Pt iPi — c p jCj + c Pi jC^ 

where we have indicated the functional measure of integration with: 

Vfi = V"(p a V\ a V"c a Vc a . (6.1.5) 

It is easy to prove that the surface terms appearing in (6.1.4) can be re-absorbed by 
going from the (if, c) representation to the mixed one (q, X p , c q , c p ). In fact the kernel of 
propagation for the functions in this mixed representation is related to the previous one 
by the following relation: 

(qf, V/> c /' ^</> X p^ Cp,i> *i) = J ~^~^ dcP f dcJ i ex P(~ iX PJPf + d P,fty • 
■(<lf,Pf,c q f,<?f\qi,Pi,Ci,<%) exp(i\ Pii pi-c Pii cP). (6.1.6) 
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The exponentials of the partial Fourier transforms appearing in (6.1.6) are just equal 
and opposite to the ones obtained from the surface terms in (6.1.4). Therefore the kernel 
of propagation in the mixed representation can be written in the following very compact 
form 1 : 

(6.1.7) 

(6.1.8) 
according 



($J,t/|$?,ti) = J £>$exp i J idtd6d6L{<5>) 

where the functional integration over the superfield is defined as: 

£>$ = V"qVpV"\ p V\ q V"c q Vc p V"c p Vc q . 

The quantization procedure is then equivalent to sending the variables 6, 6 
to the following scheme: 

($J, = J V§ exp i J idtd6dOL[$\ 

quantization : 6,6^0 

"V 

(qf,tf\qi,U) = J V<p exp ^ J dtL[ip] 
where the limit at the state level has to be intended as: 



(6.1.9) 



lim \<S> q ) = | lim $ <? ) = \q). (6.1.10) 
0,0-+O e,e->o 

This road to quantization is interesting because, differently than the usual procedure, 
it is performed at the level of space and time, freezing to zero the variables 9, 9 which 
are the Grassmannian partners of time in the superspace. What remains to be done in 
these projects is to study in more details the physics and the geometry underlying these 
procedures of quantization. In any case the work contained in this thesis may be helpful: 
in fact we think that a better understanding of the physical features of the Hilbert space 
of CM is crucial in order to make a comparison with quantum theories and to discover 
the real meaning of the associated quantization rules. 

As we have already said in the first chapter another problem that we would like to 
analyze in the future is whether the large number of Hermitian operators present in 
the KvN Hilbert space may be useful in order to describe those intermediate regimes 
which are at the interface between quantum and classical mechanics and which are 
becoming more and more important in modern experiments. In fact, even if we find out 
the physical meaning and the correct rules to quantize CM a la KvN, the problem of 
understanding which are the realms of applicability of quantum and classical mechanics 
would remain. What happens in the intermediate region, at the border between the two 
theories? Maybe the answer lies just within the KvN Hilbert space which seventy years 
after its birth has not revealed yet all its secrets and mysteries. 

lr The ket \qi, A p ,;, c?, c p ,i) is an eigenstate for the operators q, \ p , c 9 , c p and, consequently, is an 
eigenstate also for the superfield $ 9 . In this way we tentatively identify |<2> 9 } with \qi, X Pzi , cj, c Pii ). A 
problem to be solved is the following: is this correspondence one-to-one? All the eigenstates of q, \ p , c 9 
and c p are eigenstates for the superfield operator <3> 9 but does it make sense to consider, if they exist, 
also eigenstates of 3> 9 which are not of the form \qi, A p ,i, c 9 , c p ,i)? 
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